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Abstract. Let F be a nonarchimedean local field of odd residual characteristic p. We clas- 
£Nj ■ sify finite-dimensional simple right modules for the pro-p-Iwahori-Heckc algebra "Hc(G, /(l)), 

where G is the unramificd unitary group U(2, 1)(E/F) in three variables. Using this descrip- 
tion when C — F p , we define supersingular Hecke modules and show that the functor of 
/(l)-invariants induces a bijection between irreducible nonsupersingular mod-p representa- 
tions of G and nonsupersingular simple right 7ic{G, /(l))-modules. We then use an argument 
of Paskunas to construct supersingular representations of G. 
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f_i I 1. Introduction 

r/. • 

This article is set in the framework of the mod-p representation theory of p-adic reductive 
groups. Our motivation comes from the possibility of a mod-p Local Langlands Correspon- 
dence, that is to say a matching between (packets of) smooth mod-p representations of a 
p-adic reductive group and certain Galois representations. The case of GL 2 (Q p ) has been 
most extensively studied, and a mod-p Local Langlands Correspondence has been established 
by Breuil ([5]) based on the explicit determination of the irreducible smooth mod-p repre- 
^ ! sentations of GL 2 (Q P ). Moreover, this correspondence is compatible with the p-adic Local 
\ Langlands Correspondence established by the work of several mathematicians: see [6], [7], 
[11], [14], [23], [24], [27], and the references therein. The case of GL 2 (F) with F ^ Q p is 
already much more complicated. For example, when F is a nontrivial unramified extension of 
q ! Q p , Breuil and Paskunas ([8]) have shown that there exists an infinite family of supersingular 
CN ; GL 2 (F)-representations associated to a "generic" Galois representation. 

Recently, Abdellatif has classified the irreducible smooth mod-p representations of SL 2 (Qp) 
(cf. [1]) by restricting the irreducible representations of GL 2 (Q P ), allowing her to take the first 
^ ! steps towards a mod-p Local Langlands Correspondence for SL 2 (Q P ). In addition, the results 
of [1] are the first to consider a mod-p Local Langlands Correspondence with L-packets. The 
explicit classification of mod-p representations of p-adic reductive groups other than GL 2 (Q P ) 
and SL 2 (Q p ) is not yet known, however. 

In the present article, we investigate the smooth mod-p representations of the unitary group 
G = U(2, 1)(E/F) , where E/F is an unramified quadratic extension of nonarchimedean local 
fields, and where the residue field of F is of size q, a power of p. The irreducible subquotients 
of parabolically induced representations have been classified by Abdellatif ([!]). We are 
interested in the smooth irreducible representations that do not appear in this fashion, which 
we call supersingular representations (we will comment on this terminology at the end of this 
introduction). These representations are the ones which are expected to play a crucial role 
in a potential Local Langlands Correspondence. The purpose of this article is to construct 
such representations. We now describe the ingredients in our method, inspired by the work 
of Vigneras and Paskunas. 
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Let 1(1) be the unique pro-p-Sylow subgroup of the standard Iwahori subgroup / of G, and 
let C denote an algebraically closed field. The pro-p-Iwahori-Hecke algebra Hc(G, 1(1)) is the 
convolution algebra of compactly supported, C-valued functions on the double coset space 
I(1)\G/I(1). Under a mild assumption on the characteristic of C, we determine explicitly 
the structure of the algebra %c(G ) 1(1)) and describe its center. This allows us to classify all 
simple finite-dimensional right modules of Hc(G, 1(1)) for any field C satisfying Assumption 
3.5 (Section 3). 

The motivation for considering modules of the algebra 7ic(G, 1(1)) comes from the following 
observation. Attaching to a smooth representation ir of G its space of /(l)-invariants n 1 ^ 
yields a functor with values in the category of Hc(G, 7(l))-modules. If C is of characteristic 
p, then n 1 ^ is nonzero provided n is nonzero; this suggests that the functor of /(l)-invariants 
is likely to give information about representations generated by their /(l)-invariants (though 
in general, we don't expect an equivalence of categories, given the GL 2 (F) case, F ^ Q p (cf. 
[25])). 

Using our explicit description of finite-dimensional simple Hf (G, 1(1)) modules, we estab- 
lish a bijection between irreducible smooth nonsupersingular representations of G and certain 
simple modules (Corollary 4.4). In particular, we show that the simple (G, J(l))-modules 
not arising in this fashion are precisely those with a "zero" central character. We call these 
modules supersingular (Definition 3.11), and note that they are all one-dimensional (cf. Def- 
inition 4.3). Our goal is to attach an irreducible smooth supersingular representation of G to 
every supersingular H$ (G, J(l))-module. We achieve this goal by showing the existence of 
such representations, and construct them explicitly in the case q — p. The tool we will use is 
(homological) coefficient systems on the semisimple Bruhat-Tits building X of G (Section 6). 

In [28], Schneider and Stuhler introduced coefficient systems on the Bruhat-Tits build- 
ing and used them to study complex representations of p-adic reductive groups. Coefficient 
systems were later used in the mod-p setting by Paskunas to construct supersingular represen- 
tations of GL%(F). The use of coefficient systems in this context has proved extremely useful 
(cf. [26]), but so far has only been considered for the group GL 2 (F). We adapt this method 
to representations of G — U(2, 1)(E/F). To this end, we define an analog of Paskunas' dia- 
grams, which are easier to handle than coefficient systems (Definition 6.4). In particular, the 
category of diagrams is equivalent to the category of G-equivariant coefficient systems on X 
(this is the content of Section 9.2). 

Next, we attach to every supersingular module M a diagram Dm- The 0-homology of the 
corresponding coefficient system T>m is naturally a smooth G- representation, and we show 
that the /(l)-invariants of any of its nonzero irreducible quotients contain an Hf (G, 1(1))- 
module isomorphic to M. This implies that any nonzero irreducible quotient is a supersingular 
representation of G (Corollary 4.5). We then want to produce such irreducible quotients, 
and for this purpose we construct an auxiliary coefficient system Em of a relatively simple 
form, along with a morphism T>m — > Em- Constructing Em involves analyzing injective 
envelopes of irreducible representations of the finite groups V = U(2, l)(¥ q 2/¥ q ) and T' = 
(U(l, 1) x U(l))(Fga/F,) associated to G. 

In the course of constructing Em, it will become necessary to have several descriptions of 
the irreducible mod-p representations of V and V, and their injective envelopes. In Section 5, 
we recall two parametrizations of these representations: one in terms of the simple modules 
of the respective finite Hecke algebras, based on the work of Carter and Lusztig ([10]), and 
another in terms of highest weight modules. We provide a dictionary between these two 
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descriptions, and prove a useful decomposition when q = p, which is used in determining the 
decomposition of certain injective envelopes. 

We next specialize to the case q — p. In this setting we are able to construct explicitly 
an auxiliary coefficient system Em along with a morphism T>m — > £m (Section 7). This 
morphism induces a map on the 0-homology of the coefficient systems, and we consider the 
representation afforded by the image 

n £M = im(H Q (X,V M ) H (X,£ M )). 

The result here is the following: 

Theorem (Corollary 7.13). Assume q = p. The representation ii£ M is nonzero, irreducible, 
admissible, and super singular. For nonisomorphic supersingular 1-Lf(G, 1(1)) -modules M, M' , 
the representations 7Te M , 7Ts M , are nonisomorphic. 

We remark that while T>m is uniquely determined, the choice of the coefficient system Em 
is in general not unique. Therefore, to every supersingular module M we attach at least 
one supersingular representation; in this way, we construct at least p 2 (p+ 1) supersingular 
representations of G. 

We next address the shortcomings of our method when q ^ p. As mentioned before, our 
method relies on the comparison of injective envelopes for representations of the finite groups 
T and T'. For q ^ p, we demonstrate cases where the construction of Section 7 would produce 
a coefficient system Em which is "too big," in the sense that we cannot guarantee irreducibility 
of the resulting representation. Our main tool will be Dordowsky's Diplomarbeit ([13]), in 
which the dimensions of injective envelopes of representations of T are computed. 

To conclude, we draw some comparisons between our results and the analogous results 
for the group SL/2(-F), drawing on the results of Abdellatif in [1]. We first use the explicit 
classification of Hecke modules to determine by elimination which are supersingular. As is 
the case for U(2, 1)(E/F), the action of SL^-F) on its Bruhat-Tits tree X$ partitions the set 
of vertices into two disjoint orbits and acts transtitively on the edges. Therefore, the results 
of Section 6 hold equally well for SL^-F) (the proofs carry over formally). When q = p, 
we attach to every supersingular Hf (SL 2 (F), is(l))-module M s two coefficient systems T> Ms 
and Em s - There is one striking difference between this case and the case of U(2, 1 )(E/F), 
however: when q = p, there is a canonical choice of auxiliary diagram Em s - In this way, 
we construct p supersingular representations of SL 2 (F): exactly one such representation for 
every supersingular Hf (SL 2 (F), i£f(l))-module. We record the result here. 

Theorem (Theorems 8.4 and 8.5). Assume q = p. For each of the p nonisomorphic su- 
persingular / Hf p (SL 2 (F) , I s(l)) -modules Ms there is a canonical pair of associated coefficient 
systems (V Ms) £ Ms ). The resulting SL 2 (F) -representation afforded by 

7i m s = im(Ho(Xs,V Ms ) -> H (X s ,E Ms )) 

is nonzero, irreducible, admissible, and supersingular. Fornonisomorphic'Hf p (SL 2 (F),Is(l))- 
modules Mg,M' s , the representations ttm s , ^m' s are nonisomorphic. In particular, when 
F — Qp; we recover in this way all p nonisomorphic supersingular representations ofSL 2 (Qp) 
as classified in [I]. 

Remark on Terminology. We briefly address our choice of nomenclature. The notion of 
supersingularity was introduced by Barthel and Livne ([3] and [4]) in their classification of 
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smooth, irreducible, nonsupercuspidal mod-p representations of GL 2 (F). A smooth represen- 
tation of GL 2 (-F) is called supersingular if a certain operator of the spherical Hecke algebra 
acts by zero, while it is called supercuspidal if it is not a subquotient of a parabolically induced 
representation. Theorems 33, 34, and Corollary 36(1) of [3] show that a smooth representation 
of GL^-F) admitting a central character is supercuspidal if and only if it is supersingular. In 
the present case, the study of spherical Hecke algebras for the group U(2, 1)(E/F) has been 
initiated by Henniart and Vigneras in [16], and Abdellatif in [1], with an analogous notion of 
super singularity defined in [1]. The arguments in [3] and [4] may be extended to the group 
U(2, 1)(E/F); these results, combined with those of [1], would show the equivalence of the no- 
tions of supercuspidality and super singularity. Based on results contained in [17] and [18], it 
is very likely that these two notions coincide. In anticipation of these results, we shall assume 
that this is the case. We use the term supersingular representation for what might otherwise 
be referred to as a supercuspidal representation, and henceforth refer only to supersingular 
representations. 

Acknowledgements. The authors would like to thank their advisors, Professors Rachel 
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illuminating discussions throughout the course of working on this paper. Part of this work 
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to thank the institution for their support. Additionally, the first author would like to warmly 
thank Professor James Humphreys for several enlightening discussions, and for providing a 
copy of Dordowsky's thesis. The first author was supported by NSF Grant DMS-0739400; 
the second author was supported by EPSRC Grant EP/H00534X/1. 



2. Notation 

2.1. General Notation. Fix a prime number p greater than 2, and let F be a nonar- 
chimedean local field of residual characteristic p. Denote by its ring of integers, and 
by pp the unique maximal ideal of Op. Fix a uniformizer wp and the normalized valuation v 
given by u{wp) = 1. Let k F = Op/pp denote the (finite) residue field. The field kp is a finite 
extension of ¥ p of size q = pf . We shall identify kp with ¥ q in a fixed algebraic closure ¥ p of 
W p . We fix also a separable closure F of F, compatible with the chosen algebraic closure of 
the residue field, and let E denote the unique unramified extension of degree 2 in F. We write 
E = F(y/e), where e G F is some fixed but arbitrary nonsquare unit. We let x h- > x denote the 
nontrivial Galois automorphism of E fixing F. The ring of integers of E is denoted o^, and 
pp is its unique maximal ideal. Since E is unramified, we may and do take wp = wp =: w 
as our uniformizer. The residue field of Op is denoted kp = F q 2, and is a degree 2 extension 
of kp. 

Denote by G the F-rational points of the algebraic group U(2, 1). We perform our compu- 
tations using the following realization of G: let V denote a three-dimensional vector space over 
E. We identify V with E 3 by a choice of basis, and for x = (xi, x 2 , x 3 ) T , y = (yi, y 2 , ys) T G V 
we define a nondegenerate Hermitian form (•, •) by 



(x, y) = xxy 3 + x 2 y 2 + x 3 yi. 
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Letting 




our form is represented by (x, y) = x*sy, where m* denotes the conjugate transpose of a 
matrix m. With this notation, we have G = {g G GLs(E) : g*sg = s}. 

The group G possesses, up to conjugacy, two maximal compact subgroups (cf. [32], Sections 
2.10 and 3.2), given by 



K := GL 3 (0ij) n G and K' :-- 




nG. 



Pe 




nG. 



We define 



Let Ki, K[ be the following subgroups of G: 

'l + pE PE PE \ /l+pE E 

p E 1+pE Pe flG, K[ := pE 
Pe Pe 1+PeJ \ Pe Pe 

The group K\ (resp. K[) is the maximal normal pro-p subgroup of K (resp. K 1 ) 

T := K/K, = U(2, l)(¥ q2 /¥ q ), V := K'/K[ = (U(l, 1) x U(1))(I>/F,). 

We let B denote the upper Borel subgroup of T, U its unipotent radical, and U~ the opposite 
unipotent; let B' denote the lower Borel subgroup of T', V its unipotent radical, and U /_ the 
opposite unipotent. The groups U and U' are p-Sylow subgroups of T and V, respectively. 
The intersection of K and K' is the Iwahori subgroup /, which we may also think of as the 
preimage under the reduction-modulo-t<7 map of B < U(2, 1)(F ? 2/F ? ). We denote by 1(1) the 
unique pro-p-Sylow subgroup of /, which is the preimage of U. 



We define the following distinguished elements of G: 



lis 



a :- 



s's 





(0 







-\ 
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-1 


1 



















w~ 


-1 













1 













w 



n,/ 



a 




2.2. Weyl Groups. The maximal torus T of G consists of all elements of the form 




a" 1 
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with a G E x , 5 G U(1)(E/F). Note that T is not split over F. Let 

T :=Tf]K = TnK', T 1 := T n K x = T n K[, 

77 := Tq/Tx = 7/7(1) = F* x U(1)(F ?2 /F 9 ). 

We will identify the characters of H and those of 7/7(1). We will also identify ¥ q 2 with the 
image of the Teichmiiller lifting map [ • ] : ¥ q 2 — > when convenient. 

Let N denote the normalizer of T in G. Then the affine Weyl group Wgg is defined as 
N/Tq, and the finite Weyl group W is defined as N/T. The group Was is a Coxeter group, 
generated by the classes of the two reflections s and s'. We have a decomposition G = 7iV7, 
where two cosets 7n7 and 7n'7 are equal if and only if n and n' have the same image in W a g. 
This yields the Bruhat decomposition for the BN pair (7, N): 

G = IwF, 

weWas 

here we engage in the standard abuse of notation, letting Iwl denote Iwl for any preimage w 
of w in N. We will take as our double coset representatives the elements a™, n s a n , for n G Z. 
We let £ denote the length of an element of Wgg, defined by 

q e( - w) = [Iwl : 7] 

(cf. Section 3.3.1 in [32]). In particular, we have £(n s ) = 3, l(n s >) = 1. 
Let U and U~ denote the upper and lower unipotent elements of G, respectively, and define 

A x y\ (\ 0\ 

u(x,y):=\0 1 -x , u(x,y):=\x 1 , 
\0 1 J \y -x l) 

where x, y G E are such that xx + y + y = 0. We have ui^x.y)" 1 = u(—x,y),u~(x,y)~ 1 = 
u~(-x,y). 

3. Hecke Algebras 

3.1. Preliminaries. Let C denote an algebraically closed field. We shall be interested in the 
category TZ£Vc{G) of smooth representations of G over C. We briefly recall some preliminary 
results. Let 7 be a closed subgroup of G, and let (a, V) be a smooth C-representation of 7 
(meaning that stabilizers are open). We denote by indj(o") the space of functions f : G —¥ V 
such that f(jg) = cr(j)f(g) for j G 7, g G G, and such that the action of G given by right 
translation is smooth (meaning that there exists some open subgroup J', depending on /, 
such that f(gj') = f(g) for every j' G J',g G G). We let c-indj(a) denote the subspace of 
indj(a) spanned by functions whose support in J\G is compact. These functors are called 
induction and compact induction, respectively. We will mostly be concerned with the cases 
when 7 is a parabolic subgroup of G, or when 7 is a compact open subgroup. 

3.2. Pro-p-Iwahori-Hecke Algebra. Let ix be a smooth C-representation of G. Frobenius 
Reciprocity for compact induction gives 

Tr 1 ^ ^ Hom /(1) (l,7r| 7(1) ) ^ Hom G (c-indf (1) (l), vr), 
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where 1 denotes the trivial character of !(!)■ The pro-p-Iwahori-Hecke algebra %c(G, 1(1)) 



Endc(c-ind^ 1 - ) (l)) is the algebra of G-equivariant endomorphisms of the universal mod- 
ule c-indj^^l). This algebra has a natural right action on Hom G (c-ind^ 1 - ) (l), rr) by pre- 
composition, which induces a right action on tt 1 ^. In this way, we obtain the functor of 
/(l)-invariants, n i— > n I<yl \ from the category of smooth G-representations of G to the cate- 
gory of right %c{G-i /(l))-modules. 

By adjunction, we have a natural identification 

H C (G,I(1)) = End G (c-ind? (1) (l)) * Hom /(1) (l, o-ind? (1) (l)| /(1) ) = c-ind^^l) 7 ^, 

so we may view endomorphisms of c-ind^^l) as compactly supported functions on G which 
are /(l)-biinvariant. This leads to the following definition. 

Definition 3.1. Let g E G. We let T g £ Hc(G, 1(1)) denote the endomorphism of c-indf^^l) 
corresponding by adjunction to the characteristic function of I(l)gl(l); in particular, T g maps 
the characteristic function of 1(1) to the characteristic function of /( l)gl(l). 

From this definition it is clear that T g = T g > if and only if I(l)gl(l) = I(l)g'I(l); moreover, 
since W a s = N/T is a set of representatives for the double coset space I\G/I, the group N/T\ 
gives a set of representatives for J(1)\G//(1). We therefore only consider the operators T n , 
where n is a representative of a coset in N/T\. These operators give a basis for He (G, 1(1)) 
as a vector space over G. 

Lemma 3.2. Let n E N. If n is a smooth C -representation of G and v E tt 1 ^, then 



v ■ T n = 



E 

«G/(l)\/(l)n/(l) ue/(l)//(l)nn- 1 /(l)n 



Proof. See [3], Proposition 6. □ 
Lemma 3.3. Let n,n' E N, and assume that n normalizes 1(1). We then have T n T n / = 

Tnn' i T n 'T n T n ' n . 

Proof. This follows readily from the definition of T n . □ 

3.3. Decomposition of the pro-p-Iwahori-Hecke Algebra. Let H denote the group of 
all G x -valued characters of H = Tq/T\, and let % : H — > G x be an element of H. We define 
C : F x 2 -> G x and r, : U(1)(F, 2 /F,) ^ G x by 









aa~ l 












C(o) = x aa- 1 , r](8) = 
\0 CP 1 / 

where a E F x , 5 E \J(l)(¥ q 2/¥ g ). We stress that the characters ( and r\ depend on x, though 
we will supress this dependence from our notation, and write x = (®V when convenient. The 
finite Weyl group W acts on the characters x by conjugation; we denote by x s the character 

X s : h ^ xin^hn), 

where h E H and n E N \ T . 

Definition 3.4. Let x '■ H — > G x be a character. We say x i s °f trivial Iwahori type if x 
factors through the determinant, x is hybrid if x s — Xi but x does not factor through the 
determinant, and x is regular if x s ^ X- 
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Note that x = C® 7 ! factors through the determinant if and only if £ is trivial, and x s — X if 
and only if ( q+1 is trivial. For a character x, we let 7x denote the representation of H defined 
by l x = X if X s = X, and lx = x @X s otherwise. 

From this point onwards, we make the following technical assumption: 

Assumption 3.5. The integers char(C) and \H\ are relatively prime. 

With this hypothesis, we will now decompose T-Lc(G, 1(1)) into blocks indexed by iy-orbits 
of C-characters of H. For h E H , we define E Hc(G, 1(1)) to be the operator T to , for any 
preimage t of h in To. 

Definition 3.6. For a C-character x of i?, we define 

e x = | J H r |- 1 ^xWT fc , 



e 7x 



e x if X s = X, 

e x + e x s if x s 7^ X- 

The operators e x have the following properties: 



• e x e x ~ e X' 

• e x e x' = for x 7^ X', 

• ld c-indf (1) (l) = E x6 J? e X- 

These follow readily from the orthogonality relations of characters. Applying these relations 
to tt 7 ^ 1 ) gives the following Lemma. 

Lemma 3.7. Let ix be a smooth C -representation of G. Then (vr 7 ^ 1 )) • e x = ix 1,x , and n 1 ^ = 
xg ^(7T / ( 1 )) • e x = x6 ^7r /,x . Here n I,x = {v E tx : i.v = x(i) v f or every i E 1} is the 
X-isotypic subspace ofir. 

Proof. Since 1(1) is normal in / and 1/1(1) = H is abelian and of order prime to char(C), 
the action of I on Tr^ 1 ) is semisimple and decomposes as a sum of characters. Since (lifts of) 
elements of H normalize 1(1), Lemma 3.2 implies that (tt 1 ^) ■ e x = n I,x . The orthogonality 
properties above imply the direct sum decomposition. □ 

We now use the idempotents e 7x to decompose the algebra %c(G,I(l)). Denote by 
%c(G, 7 X ) the algebra EndG(c-ind^(7 x )). Using this notation, we obtain the following Propo- 
sition: 

Proposition 3.8. There is an isomorphism of C-algebras 

Uc(G, 1(1)) = U C (G, 7x ) = H C (G, J(l))e 7x , 

7x 7x 

the sums taken over all W -orbits of C-characters of H . 

Proof. Assumption 3.5 guarantees that the regular representation of 1/1(1) is semisimple. 
Using this fact, the proof is nearly identical to that in [33], Proposition 3.1. □ 

Proposition 3.9. The operators T ng ,T n , and e x for all C-characters x generate l-Lc(G, 1(1)) 
as an algebra. 
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Proof. We first claim that e x (c-indj/ 1 - ) (l)) = c-indj (x). Indeed, since the characteristic 



function of 1(1) generates c-ind^^l) as a G-representation, its image under e x will gen- 
erate e x (c-indjn)(l)). Denote this image by ip x . By definition of the operators e x , we have 
supp(y9 x ) = I and f x (h) = \H\~ x x(h) for h E I (via the isomorphism H = 1/1(1)). The 
action of G on tp x shows that the representation it generates is canonically isomorphic to 
c-indj (x). 

Let M. be the subalgebra of %c(G 1 1(1)) generated by T ns ,T ns , and the operators e x for 
every x e if. Using the decomposition of Proposition 3.8, we have that A^e 7x is a subalgebra 
of %c(G,j x ). Assume first that \ s — X- The claim above shows that T ns e x and r T rial e x are 
elements of Hc(G,x), and Propositions 3.12 and 3.17 imply that these elements generate 
Ho(G, x)- We therefore have Me lx = U C (G, x)- 

Assume now that x s 7^ X- The claim above shows that T ns e 7x and T n ,e 7x are elements of 
'Hc(G ) r ) x ). The algebra A4e 7 also contains the elements e x and e x s, which implies that each 
of the elements T ns e x , T ns ,e x , T„ s e x s, T„ s ,e x » are contained in -Me 7x . Propositions 3.23 and 
3.25 show that these elements generate T-Lc(G,^ x ), so that -Me 7x = "Hc*(G,7 x ). 

Combining these results with the decomposition of Proposition 3.8 shows that M. = 
Uc(G,I(l)). 

□ 

Theorem 3.10. The algebra T-ic(G, 1(1)) is a noncommutative algebra, generated by the 
elements T ns , T n , and e x for every x £ H, subject to the following relations: 

(i) 

Tn s ^ x e x sT na , r T n ^e x e x sT ns ,, 



e x e x' 



e x if x' = X, 

(ii) If x factorizes through the determinant, then 

T ls e x = (V 3 ~ !) T n s e x + q 3 e x , T^e x = (q - l)T ?v e x + qe x . 
If X s = X; but x does not factorize through the determinant, then 

T n 3 e x = {Q- 9 2 )T„ s e x + g 3 e x , T^,e x = (q - l)Tn s ,e x + qe x . 

if x s ^ x = C ® v> then 

T^^x = C(-l)g 3 e x , T^ ; e x = C(-l)ge x , 

T ' s e 7x = C(-l)g 3 e 7x , T^ ; e 7x = Q(-l)qe lx . 
(Hi) The center Z of Hc(G, 1(1)) is generated by the idempotents e lx , and the elements 
{ (T ns (T ns , - (q - 1)) + T„ s , (T„ s - (q 3 - 1)) + l)e x for X = V ° det, 
(T ns (T„ s , - (q - 1)) + T„ s ,(T ns - (q - q 2 )))e x for x s = X ,but X ^V° det, 
C(-i)(Tn s ,T n , s e x + T n , s T ns ,e xS ) and 

C(-l)(T„ s ,T ns e x s +T nfl T„ B ,e x ) for x s ^ X = C ® V- 

Proof. Part (i) follows directly from the definitions and Lemma 3.3. To prove part (ii), we 
may either appeal to Propositions 3.12, 3.17, and 3.25 below, or note that these results are 
a special case of [10], Proposition 3.18. One simply needs to use the fact that T^e x (resp. 
T^ f e x ) maps the characteristic function of 1(1) to a function with support contained in K 
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(resp. K') and reduce the computations to those in the respective finite groups, as in [26], 
Lemma 2.11. Part (iii) follows from Propositions 3.12, 3.17, and Corollary 3.26. □ 



Remark. Let h s : ¥ n2 — > H be the homomorphism defined by 

h s (y) - 









yy' 1 








y- 1 



<r 

'y 



,0 

and set 

T s := (q + 1) T hs(y) ~ 9 E T Mj/)> r *' := E T Ms/)- 

y &* 2 y eF% yew* 

These elements satisfy the relation t s t s i = t s /t s = (q — l)r s . Using Fourier inversion and the 
theorem above, the quadratic relations take the form 

T l s = T ns r s + g 3 T M _!) 
T L = T ny v + gT fc . ( _i). 



Moreover, we see that the center Z of T-Lc(G, 1(1)) is generated by the central idempotents 



e 7x and the elements 



T„ s ,T ns ^i + T ns T ns ,tf 2 - T ns r s / - T„ s ,r s + (q - l)r s , 
T„ s ,T n ^ 2 + TnTn^i ~ T„ s r s / - T^r, + (q - l)r s . 

Here 

^ = E e *+ 2 E ^=E e *+ 2 E 



e x s ' 



X S =X xVx X S =X * s r ^* , 

x€{x.X s } X s 6{x,X s } 



where the sums are taken over PU-orbits of C-characters, such that $ 1 + $ 2 = 2 • id^^G ^ . 

In light of Theorem 3.10, we make the following definition: 

Definition 3.11. Assume char(C) = p, and let M be a nonzero simple right T-Lc(G, 1(1))- 
module which admits a central character. We say M is supersingular if every generator of 
the center Z (as given in Theorem 3.10) which is not a central idempotent e 7x , acts by 0. 

In the subsequent sections, we describe the structures of the Hecke algebras r Hc(G,'y x ). 
From the descriptions of these blocks, we obtain Proposition 3.9 and Theorem 3.10, and 
identify the supersingular modules of %c(G, 1(1)) when char(C) = p. 

3.4. The Trivial Case. We first assume that \ is "trivial," meaning \ factors through 
the determinant and x = V ° det, for t] a character of U(l)(F g 2/F 9 ). In this case, we have 
%c(G,x) — ^c(G,l) = Endc(c-indf (1)); this equivalence is induced by the isomorphism 
c-indj (%) = tj o det (gJc-indj (1) and Frobenius Reciprocity. 

Let 1/ G c-ind^(x) denote the function with support in /, taking the value 1 at the identity. 
We let T ns (resp. T n ,) denote the endomorphism of c-indj (%) sending lj to the function with 
support In s I (resp. In s >I), taking the value 1 at n s (resp. n s r), on which I acts by \. In the 
notation of the previous subsection, we have 

T=Te T=Te 

'n s J-ns^X' ' n s> n s> X' 

We now arrive at the following result on the structure of Hc(G, x)'- 
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Proposition 3.12. The algebra Jic(G, %) is a noncommutative algebra, generated by T ns and 
T~ n , , subject to the relations 

(T ns + l)(T ri3 -q 3 ) = 
(Tn sl +l)(% sl -q) = 0. 

The center Z x is generated by Z = T ng (T ns , — (q — 1)) + % ls , (T ng — (q 3 — 1)) + 1. We have an 
isomorphism of algebras 

-Hc{G, X) = C(X, Y)/(X 2 + (1 - q 3 )X - q 3 , Y 2 + (1 - q)Y - q), 

sending T ns to X and Tn s , to Y. Here C(X,Y) denotes the noncommutative polynomial 
algebra in two variables over C . 

Remark. Note that using the length function on W a g, the Hecke relations take the simple 
form (T n + 1)(7^ — g^ n )) = 0, where n = n s or n s /. 

Proof. The verification of the Proposition is included in the proof of Proposition 3.17 below. 

□ 

Given this result, we can quickly classify the finite-dimensional simple right Hc(G, x)- 
modules. 

Definition 3.13. (i) Let (6,0') G { — l,g 3 } x { — l,q}. We define the characters \Iqq> : 
Hc(G, X )^Cbj 

T ns i y 6, Tn s , ' y 6'. 
The central element Z maps to 9(9' - q + 1) + 9' (9 - q 3 + 1) + 1. 
(ii) Let (v\, v 2 )c be a two-dimensional vector space over C, and let A G C. We define M(A) 
to be the following right Hc(G, x)-module: 

Vl-Tn s = -Vl, V X -Tn s , = V 2 

V2-T Us = (A - q)v x + q 3 v 2 , v 2 ■ Tn s , = qvi + (q- l)v 2 
The central element Z acts by A. 

One may check directly that the action of l-ic(G, x) on M(X) is well-defined. This fact will 
also be made clear in the proof of Theorem 3.16. 

Proposition 3.14. Assume q 3 + 1 ^ in C . Then the module M(A) is reducible if and only 
if A = q 3 + q + 1 or A = — q 4 . In these cases, we have the following exact sequences: 

->■ ii q i A -> M(q 3 + q + 1) -> [i-i-i -> 

-»■ // g3 _! -»■ M(-g 4 ) -> /i_ Lg 

T/ie sequences are not split. 

Proof. Assume that M(A) is reducible, so that we have some character \x C M(A). This 
means exactly that there is some vector v G M(A) which is a common eigenvector for T ns and 
T n ,. The eigenvectors for 7^ s are (A — g)^i + (g 3 + 1)^ 2 and V\, with eigenvalues g 3 and — 1, 
respectively; the eigenvectors for Tn s , are v\ + ^2 and — qv\ + 1>2, with eigenvalues q and —1 , 
respectively. 

We see that the only possibility for a common eigenvector is if (A — q)v\ + (q 3 + l)t>2 is a 
scalar multiple of V\ + v 2 or of —qv\ + t>2. Assume the former. We then have A — q = q 3 + 1, 
implying A = q 3 + q + 1. Thus, 

(«i + t'2)c = W,,cM(g 3 + g + l) and M(g 3 + q + l)//v, 9 = A*-i,-i- 
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If the surjection split, then there would exist a — 1-eigenvector in M(q 3 + q + 1) for both T na 
and Tn which clearly cannot happen. 

Assume now that (A — q)v\ + (q 3 + l)t> 2 is a scalar multiple of — qv\ + v<i- We then have 
A — q = —q A — q, implying that A = — q 4 . Thus, we have 

(-gv! + v 2 ) c = /V,-i C M(-g 4 ) and M(-g 4 )//v,-i 
By the same reasoning as before, the surjection cannot split. □ 

Proposition 3.15. Assume q 3 + 1 = in C. Then the module M(A) is reducible if and only 
if X — q. In this case the module decomposes as M(q) = H-\, q © 

Proof. Assume that M(A) is reducible, so that it contains either or l^-i, q - In either 

case, the central element %i a {Tn a , — (q — 1)) + % ls ,{T na + 2) + 1 acts by q, so we must have 
A = q. The action of T Ua and Tn s , on M(q) shows that 

(vi + vi) c = fi-i, q and (-qv! + v 2 ) c = 

so that 

M(q) = /x_ 1)ff © /x_i,_i. 

□ 

We now imitate the proof of Theorem 1.2 in [33] to classify simple right T-Lc(G, x)-modules. 

Theorem 3.16. Every finite- dimensional simple right T-Lc{G,x) -module is either a character 
fiefii, (6, 6') G { — 1, q 3 } x {—1, q], or a module of the form M (A), A 7^ q 3 + q + 1, — g 4 . 

Proof. Assume M is a nonzero simple right module which is not a character, and assume 
that Z acts by A. Consider the space ker(7^ a + 1). We claim that this is a nontrivial proper 
subspace of M. Indeed, if ker(7^ s + 1) = {0} or M, the element T na would act by a scalar, and 
any nonzero eigenvector for 7~n s , would generate a one-dimensional submodule. This gives a 
contradiction, since M was assumed simple of dimension greater than 1. 

The element T na ,{T na — q 3 ) maps ker(7^ s + 1) into itself, and therefore has an eigenvector 
v in ker(7^ s + 1)- We have 

v-Tn al (r na -q 3 ) = v-(Z-(T n . + l)Tn, + (q-l)%.-l) 
= Xv + (q - l)v -T ne -v 

= (A-g)u. 

Consider now the subspace V := (v) c + (v ■ T n ,)c- The quadratic relations and the com- 
putation above show that V is stable under Hc{G, x), and therefore must be all of M by 
simplicity. Moreover, since M was assumed to be of dimension greater than one, we have 
v ■ T n 1 7^ 0, and the sum (v)c + (v ■ T na )c is direct. Writing out the actions of T na and Tn a , 
on the basis {v, v ■ Tn a , } shows that M = M(A). We again use simplicity of M to deduce that 
A + q 3 + q + 1, -q A . ' □ 

3.5. The Hybrid Case. We now assume that \ s = X = C © V> but that \ does not factor 
through the determinant. This condition implies that the character £ is nontrivial. In ad- 
dition, we have ((a) = C(a _1 ); since the map a 1— > a q+1 maps F^ 2 onto F£, this implies £ is 
trivial on . 

As before, we let lj G c-indf (x) denote the function with support in J, taking the value 1 
at the identity. We let T n . a (resp. Tn s ,) denote the endomorphism of c-indj (%) sending 1/ to 
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the function with support In s I (resp. In s /I), taking the value 1 at n s (resp. n s >), on which 
/ acts by %■ I n the notation of Section 3.3, we have 

7~n s — T ns e x , 7^ s , = Tn s ,e^. 

Proposition 3.17. The algebra TLc{G, x) is a noncommutative algebra, generated by T na and 
Tn g , , subject to the relations 

(T na +q 2 )(T ns -q) = 
(Tn sl +l)(% s ,-q) = 0. 

The center Z x is generated by Z = T ns (Jn , — ((? — 1)) + Tn s ,(Tn a — (<? — q 2 ))- We have an 
ismorphism of algebras 

H C (G, x) = C(X, Y)/(X 2 + (q 2 - q)X - q 3 , Y 2 + (1 - q)Y - q), 

sending T ng to X and T ngl to Y. Here C(X,Y) denotes the noncommutative polynomial 
algebra in two variables over C . 

Proof. We shall prove Propositions 3.12 and 3.17 simultaneously. We begin with only the 
assumption that x s — X- By Frobenius Reciprocity, we may view elements of %c{G, x) as 
functions ip : G — > C satisfying 

for g G G,i,i f G /. If T Vl , T^ 2 are the endomorphisms associated to <pi, <p 2 , respectively, then 
the composition product on Hc(G,x) gives T Vl T!p 2 = T^*^, where 

(p 1 *(p 2 (g)= Vi( h )V2(h- l g). 
heG/i 

Assume that ip has support in Iwl, where w is some representative of w G W^g. Let 
w = SiS2---Sk be a reduced word expression for w, where Si G {s,s'}, and let ip ng (resp. 
<p n ,) be the function with support in In s I (resp. In s rl) taking the value 1 at n s (resp. n s >). 
We claim that tp is a scalar multiple of ip nsi * t p> na2 * • • • * <Pn s • Indeed, the definition of the 
convolution product shows that supp(y?i * <p 2 ) C supp(<^i)supp(<^ 2 )- By induction, we have 
that 

SUpp(y? nsi * <fn a2 *■■■* Vn Sk ) C SUpp(</? nsi )supp(</? ns2 ) " " "SUpp^J 

= In Sl In S2 I ■ ■ ■ In Sk I 
= Iwl, 

where the last equality follows from [2], Prop. 6.36(4). An elementary inductive argument 
shows that <p nsi * cp n32 * ... * cp na ^ 0, which implies that %c(G, x) is generated as an algebra 
by T na and % s , ■ 

It now suffices to determine relations for the operators T Ua and Tn s , ■ We again identify these 
operators with ip ns and (p ns , , respectively. We will make use of the following decompositions: 

In s I = u(x,y)n a I 
In s /I = | u~(Q,wy)n s iI 

y+y—O 
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Here (and henceforth) we use the notational convention that x and y are representatives in 
Oe for the set F ? 2, satisfying xx + y + y — 0. 

As before, we have supp(<^ ras * (p Us ) c In s In s I = In s I U /, and therefore it suffices to 
evaluate this function at 1 and n s . We shall also make use of the following identity (for 

(1) u~(x,y) =u(-xy- 1 ,y~ 1 )n s dmg(y^~\-yy~\-y~ 1 ^)u(-xy~ 1 ,y~ 1 ) 

Note that if u~ is a nonidentity lower unipotent element, then u~ G Un s TU . We compute: 

¥n a *¥n s ( l ) = Y i Pn s ( U ( X iy) n s)(Pn s (nJ 1 u(x,yy 1 ) 

x,ye¥ q2 
xx+y+y=0 

= 

<Pn B * Vn s ( n s) = Y ^n s {u{x,y)n s )^ na {n~ l u{x,y)~ l n s ) 

i,»6F 9 
I 

a=3:+y + 2/ — 

= Y ^n s {u~(x^fe,-ye)) 

xx+y+y=0 

= Y V 3 n s Kdiag(-y v / e, -J/!/~\jrVe~ )) 

x,y& q 2 
xx+y+y=0,yi£0 

Y X(diag(-y v / e, -VV' 1 rV~ X V^ ))■ 

x,y£W 9 

_ _ 9 

xx+y + y=0,y^0 

If x factors through the determinant, then the last sum equals q 3 — 1. Assume that x does 
not factor through the determinant. We then have 



<Pn, * <p n .{n a ) = Y^~ y ^ + YY Y c(-2/Ve) 

yeF x „ t6Fo ®SF X „ yGF* 

y g^i g^ 

y+y— xx— — t y+y=t 

± (q-l) + (q+l)Y C(-^) 

.</<=: 
/ 



ye? 2 



(g-l) + (g+l) 



Y C(-yv^) - E C(-yVi) 

^^2 



j/ + 2/=0 



(g-l) + (l-g 2 ) 
g-g 2 . 



The equality (*) follows from the fact that if y + y = 0, then —y~y/e G F 9 , while (**) follows 
from the fact that ( is a nontrivial character. 

We now compute the Hecke relations for tp n , . Again it suffices to evaluate tp n , * tp n , at 1 
and n q r. 
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^2 Vn^iu {Q,my)n sl )ip nsl {n/u (0,vjy) 

y+y=0 

Q 

y+y=0 

^2 <^n s ,(diag(-?/ v /e _1 , 1, -y~ l ^fe)n s ,) 

y+y=0 

Y X(diag(-y v / e _1 ) l ) -y _1 v / e)) 

y+y=0 

q-1. 

Note that the last equality depends only on the fact that \ s — X- 

We again assume only that \ s = X- It is an elementary computation to check that Z £ Z x . 
To verify the claim about the centers Z x of the algebras Hc(G,x) m general, we first note 
that any central element, when viewed as a polynomial in T ns and T n ,, must be of even 
degree (this follows from the Hecke relations). Moreover, the Hecke relations imply that the 
coefficients of the two highest even-degree terms must be equal. Let y £ Z x be of degree 2k. 
Then there exists some c £ C such that y — cZ k is of strictly smaller degree. Proceeding by 
induction, we see that y is a polynomial in Z, and therefore Z x = C[Z]. 

□ 

As before, we can now classify the finite-dimensional simple right / Hc(G, x)- m odules. 

Definition 3.18. (i) Let (6,8') £ {— q 2 ,q} x { — l,q}. We define the characters \xqq> : 
Uc(G, X )^C by 

T Hs ^9, T na ,^9'. 

The central element Z maps to 9(9' — q + 1) + 9' (9 — q + q 2 ). 
(ii) Let (vi, v 2 )c be a two-dimensional vector space over C, and let A £ C. We define M(X) 
to be the following right Hc(G, x)-module: 

Vl ■ Tn a = ~q 2 Vl, Vi ■ Tn a , = V 2 

V2 = (A + q 2 - g 3 )^i + qv 2 , v 2 ■ Tn a , = qv\ + (q - l)v 2 

The central element Z acts by A. 

Again, the proof of Proposition 3.21 shows that the action of Hc(G,x) on M(X) is well- 
defined. 

Proposition 3.19. Assume char(C) ^ p. Then M(X) is reducible if and only if A = q 3 + q 
or A = —2q 2 . In these cases, we have the following exact sequences: 

->• Mg-i -> M(-2q 2 ) -> ^_, a> , ->• 
->■ /i M -> M (g 3 + g) -> A«_ g 2 _! -> 

TTie sequences are not split. 



<Pn 3 , *<fn al ( 1 ) = 



¥n s , * <fn 3 ,( n s') = 
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Proof. Assume that M(A) is reducible, so that it contains a character \x. The operator T na has 
eigenvectors V\ and (A + q 2 — q 3 )vi + (q + q 2 )v 2 , with eigenvalues — q 2 and q, respectively; the 
operator T ng , has eigenvectors — qv\ + v 2 and V\ + v 2 , with eigenvalues —1 and q, respectively. 

We see that the only possibility for a common eigenvector of T na and T n , is if the vector 
(A + q 2 — q 3 )vi + (q + q 2 )v 2 is a scalar multiple of — qv\ + v 2 or V\ + v 2 . Assume the former. 
Then A + q 2 — q 3 = —q(q + q 2 ), which implies A = —2q 2 . It is then clear that 

(-qvi + v 2 ) c n q _ x C M (-2q 2 ) and M(-2g 2 )//i g ,„ 1 /x.^,. 

Since M(— 2g 2 ) does not contain a (— g 2 , g)-eigenvector for T na ,Tn a ,, the surjection cannot 
split. 

Assume now that (A + q 2 — q 3 )v\ + (q + g 2 )t>2 is a scalar multiple of v\ + i>2- This implies 
A = q 3 + q. It is clear that 

(vi + v 2 } c = H q , q CM(q 3 + q) and M(q 3 + q)/ ^ q = fi.^^. 

By the same reasoning as above, the surjection doesn't split. □ 

Proposition 3.20. Assume char(C) = p. Then M(A) is reducible if and only if A = 0. In 
this case the module decomposes as M(0) = /i ,o © £*o,-i- 

Proof. Assume that M(X) is reducible, so that it contains either /x ,o or /^o,-i- I n either case, 
the central element Z = T ns {T n , + 1) + Tn s ,T ns acts by 0, so we must have A = 0. The action 
of Tn s and T ngl on M (0) shows that 

(«i + v 2 ) c = yUo.o and (f 2 )c = A*o,-i, 

so that 

M(0) =/i ,o©/io,-i- 

□ 

We may now classify the simple right %c{Gi x) _m °dules. 

Theorem 3.21. Every finite- dimensional simple right T-Lc(G,x) -module is either a character 
fig t 0f, (8, 6') e {—q 2 , q] x { — 1, q}, or a module of the form M(A), A ^ q 3 + q, —2q 2 . 

Proof. The proof is virtually the same as the proof of 3.16, with only a few cosmetic changes. 
More precisely, we consider the space ker(7^ s +g 2 ) in M, and compute the action of T ng , (T na — q) 
on an eigenvector v in ker(7^ s + q 2 ). The set {y , v ■ %i a ,} then forms a basis for M. □ 

3.6. The Regular Case. We assume now that \ s X = C ® V- I n this case we have 
nontrivial intertwining maps between c-indj (x) and c-ind^(x s ), and we are led to consider 
the algebra 

Hc{G, lx ) = Hc(G,x®X s ) 

= n c (G, x) © Hom G (c-indf c-indf { X s )) 

© Hom G (c-indf(x s ),c-indf( X )) ®H C (G, X S )- 

We first determine the algebra %c{G,x)- F° r n £ N, we denote by l/ n j e c-md T (x) the 
function with support Inl, taking the value 1 at n, on which / acts by x 01 X s (depending on 
the class of n in W). We let 7^-i (resp. T a ) denote the endomorphism of c-ind^(x) sending 
1/ to li a -ii (resp. liaj). 
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Proposition 3.22. The algebra T-Lc{G,x) ^ s commutative, generated by T a -i and T a , with 
the relations 

We have an isomorphism of algebras Tic {G,x) — C[X, Y]/(XY — q A ), sending T a -i to X and 
% to Y. 

Proof. We adopt the same method as in the proof of 3.17, viewing elements of Hc{G,x) 
as functions (p on the double cosets I\G/I. In this case, however, the relation (f(igi') = 
x(i)¥>(<7)x(i') shows that the functions ip associated to elements of HciG, x) are supported 
only on cosets of the form Ia n I, n e Z. Once again using properties of the Bruhat decompo- 
sition for BN pairs (cf. [2]), if ip has support in Ia~ n I (resp. Ia n I) with n > 0, then <p is a 
scalar multiple of <p a -i * (Pa- 1 * ■ ■ ■ * Va- 1 (resp. <p a * <p a * . . . * <p a ), the convolution taken n 
times. 

It therefore suffices to compute the products <p a -i * <p a and <p a * (pa- 1 - We compute the first 
of these; the method of computation for the second is the same. We have supp(<^ Q -i * <p a ) C 
Ia~ l IaI C I U In s I U Ia~ 1 n s I, and since the convolution must have support on cosets of the 
form Ia n I, we actually have supp(<^ Q -i * <p a ) C I. Hence, we need only evaluate this function 
at 1, using the decomposition 

Ia~ l I = 

^+y+y=0 

We have: 

(Pa-* * <Pa(l) = ^2 l Pa'^(u(x,y)a~ 1 )(p a (au(x,yy 1 ) 

xx-\-y + y—0 

□ 

We now turn our attention to Homc^c-hidf (x), c-indj (x s ))- This has the structure of 
an (Ho(G, X s ), Hc(G, x))-bimodule, with the action given by post-composition and pre- 
composition, respectively. By Frobenius Reciprocity we have 

Hom G (c-indf ( X ),c-ind?(x s )) = Hom 7 (x, c-indf ( X s ) \i) = c-mdf( X s Y' x , 
which has a basis consisting of the functions li ns a n i with support In s a n I and value 1 at 
n s a n , on which / acts by x- We let S U:X denote the homomorphism sending lj G c-indj (%) 
to lin s a n i ^ c -' m df(x s ), and append a x ( or X s ) to the parameters for the operator T a (or 
T a -i) to denote the Hecke algebra to which it corresponds. In the notation of Section 3.3, we 
have 

«5-l,X = Tn a /C x , <^-l,X s = ^-n s i e x s - 

We note that the set 

{id x , T™ x , T^i jX , id x s, T™ x s, 7^i )X «, S n>x , <S n ,x s }m>o,n.ez 
forms a basis for "Hc{G,j x ), where id x (resp. id x «) denotes the identity element of %c{G,x) 
(resp. U c (G,x s )). 
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Proposition 3.23. We have the following relations for the ('Hc{G,x s ),'Hc{G,x))-biTnodule 
Hom G (c-indf (x), c-indf (x s ))- 



Ta,x 3, ~>n,x <~>n,xT a 1 ,x 




In particular, Hom^c-indf (x), c-ind^(x s )) is generated as a module by <S 0)X and S_i } 



Proof. We will need the following coset decompositions: 



(2) Ial = Iau{x,y) 



a^+y-fy— 



(3) la 1 I = la 1 u (wx, zuy) 



x£V q2 ,y<f> E /p 2 E 

ZO x~-\- y -\-"y — 



(4) In s a n I = In s a n u(x,y) if n > 



xx+y+y—O 



(5) In s a n I = In s a n u (zux, my) if n < 



zuxx-\-y-\-y=0 



In order to compute S ntX Ta, X i it suffices to know its action on the function lj G c-indf (%)• 
The definitions of S n ^ x and T a , x show that the image will have support contained in In s a n IaI. 
Using Proposition 6.36 and Exercise 6.37 of [2], we see that this product of double cosets is 
equal to In s a n+1 I (if £{n s a n+l ) = £(n s a n ) + £(a)), or is contained in In s a n+1 I U Ia~ n I U 
la'" 1 ' 1 ! (if £{n s a n+1 ) ^ £{n s a n ) + £{a)). Since the support of S ntX T atX (li) must be of the 
form In s a m I, we see that in both cases the support is contained in In s a n+1 I, and therefore 
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it suffices to evaluate the function at n s a n+1 . This gives 
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/ 



S n:X Ta, x (li)(n s a 



\ 



^2 u(-x,y)a 



x£V q2 ,ye°E/f>E 

xx+y+y=0 



in, a 



r^+l^ 



22 u(-x,y)a 1 .l Irisa n I (n s a n+1 ) 



*& q 2-y£°E/l>E 
xx+y+y=0 



^2 lin a a"i(n s a n+1 u(-x,y)a x ) 



' q 2-v£°E/P E 




The last line follows from (the transpose of) equation (1). 

Using the same methods as above, we see that the support of S n ^ x T a -i tX (li) is contained 
in ln s a n ~ 1 l . This gives 



S n , x T a -i )X {li){n s a 



\ 



E 



u 



-wx, zuy)a.lj 



t ttxx+y+y= 



[n s a 



n-l^ 



/ 



x£F q2 ,y£°E/P 2 E 
-ujxx-\-y-\-'y=Q 



u (-■cux,-cuy)a.l Insa n I (n s a n ) 



l/n fl Q"/K« n 1 u {-wx,wy)a) 



x£ F q 2,y£°E/PE 




Again, the last line follows from equation (1). 

The support of 7^ iX «iS njX (l/) is contained in the coset In s a n ~ 1 I. In computing the value 
of T a , x sS n ^ x {li){n s a n ~ 1 ) , we must treat the cases n > and n < separately (based on the 
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coset decomposition of In s a n I). For n > 0, we have 

/ \ 
^2 ui-x^a^nj 1 .!! 



n-l\ ry 

) — >a,x s 



i xeo J3 /p|+ 1 , H e 0B /p|'+ 1 

\ xx+y+y= 



[n R a 



n-V 



) 



^2 u{-x,y)a n n s l .l IaI (n s a n l ) 



,eo E /^ E +\ye_o E /p^+ 1 

xx+y- s r y=Q 



^2 liai(n s a n 1 u(-x,y)a n n s l ) 



xgo B /p"+\ y eo, B /pf'+ 1 



xx+y+y=0 

g 4 n > 1 
q 3 n = 0. 



For n < 0, we have 
T a , x sS n , x {l I ){n s a n - 1 ) 



( 



77 



\ 



E 



u 



-vjx, zuy)a n n s .1/ 



■ujxx + y + y— 



E 



-6<'E/Pi n ^ 1 .i/eo E /p- 2 "- 1 



E 



m (— rox, wy)a n n s l .l IaI (n s a n x ) 
l/a/(^s« n_1 M _ (— ^y)o~ n n~ l ) 



xe° E /P E n 1 ^'E/v E 2rl 1 



vjxx-\-y-\~y— 



1. 



Equation (1) once again shows that the element n s a n 1 u (—wx,rxjy)a n n s l is not in Ial 
for y 7^ 0. We omit the argument for T a -i :X sS na , as the computation is virtually the same as 



that for Tot,x s S n ^ x 



□ 



Corollary 3.24. As a right H,c[G , %) \-module, we have 

Hom G (c-indf c-ind^x 8 )) = {%c{G, X ) ® U C {G, x))/{{%-^, -<? 3 ), (~q, %, x )), 
the isomorphism sending Sq, x to (1,0) and 5_i iX to (0,1). 

Likewise, as a left He {G,x s ) -module, we have 

Hom G (c-indf ( X ), c-ind? ( X s )) = {%c{G, X s ) ® H C {G, X s )) I '{{%,*- , ~<?)> ("9, ^-\x*)), 
i/ie isomorphism sending Sq jX to (1,0) and S_i yX to (0,1). 

In addition to the bimodule structure on Hom G (c-indf (x), c-ind^(x s )), we also have a 
composition product between elements <S n ,x s e Hom G (c-indf (x s ), oind 7 (%)) and elements 
^m,x ^ Hom G (c-indj (x), c-ind^X 5 ))- The product of two such homomorphisms will be an 
element of T-Lc{G, x)- We have the following result: 
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Proposition 3.25. The composition S njX sS m>x has the following property: 



X"~"rn,x 



max(n— m,0) 

X 

C ( — 1 ) a 1+i min ( _n - 1 ~m- 1) T-max(0,m-n) j-max(n- 



m— n 

.X 



c(-i)7: 

IC(-1)7^ 



n, m > 

m,0) , n 

n, m < 

n < 0, m > 

m < 0, n > 0. 



Proof. By Proposition 3.23, it suffices to compute the four products S 0tX sS 0)X , 5_i jX s5_i jX , 
iS_i iX siS>o iX and <S 0>x siS_i iX . The method of proof is the same as in the proof of Proposition 
3.23, this time using equations (4) and (5) for n = and n — — 1. We give the proof for the 
first of these products. The definition of 5o,x s anc ^ $o,x snows that the function <So iX s<So )X (lj) 
will have support contained in I U In s I; as i5>o iX s<So iX e Hc(G,x), the support is actually 
contained in J. This gives 



/ 



\ 



fsi+s7=0 

5^ ljn.j(«(-a;,|7)n7 1 ) 



(1) 



x^ + y + i/— 

C(-i)g 3 - 



The other products follow similarly. □ 

Combining Propositions 3.22, 3.23, and 3.25, we now have a full description of the algebra 
structure of %c(G, 7 X ). When char(C) = p, there is a more elegant presentation of Hc(G, 7 X ). 
We record the result here. 

Corollary 3.26. Assume char(C) = p. We then have 

n C {^, lx) - y C [y] © C[X] C[X, Y]/(XY) J ' 

where the algebra on the right is a "twisted matrix algebra." If (f(X),f'(Y)) G C[X] © 
C[Y], (g'(Y),g{X)) E C[Y] © C[X], then we define their product to be 

(f(X)J'(Y))(g'(Y),g(X)) := ((-1 )Xf(X)g(X) + ((-l)Yf(Y)g> (Y) 

=: (g'(Y),g(X))(f(X)J'(Y)). 

The isomorphism is given by 
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i — y 








i — y 




i — y 



7a -1 ,x 


i — y 




i — y 


S n ,x a 






1 )■ 




y o 
o o 

'0 
.0 X 


(y n ,o) o 
o o 

jfl,!""" 1 ) 

The center Z lx ofHc{G,^ x ) consists of all elements of the form 
where h is a polynomial of two variables. 

Proof. It only remains to verify the claim about the center Z lx of %c(G,j x ). Let 3^ be an 
arbitrary element of Z lx . Writing y as a linear combination of the basis elements, multiply- 
ing y on the left and right by the "diagonal" elements 7^, x , 7^-i jX , etc., and using Propo- 
sition 3.23 shows that the coefficients of S n>x and 5 n ,x s m y must be zero. Subtracting 
an appropriate central element of the form h(Ta, x , 7^-i )X ) + h(Ta-i >x s,Ta, x s), we may as- 
sume that y is a polynomial in T a , x and T a -i jX alone. Proposition 3.23 again shows that 
= «So,x s 3 ; = 3^<So,x s > = <S-i,x 3 ^ = yS-i, x a ' "which is enough to conclude that y = 0. □ 

Remark. The characterization of the center J? 7x of T-Lc{G, 7 X ) is the same for the case char(C) ^ 
p. The proof carries over without any essential change. 

We may now classify finite-dimensional simple modules for the algebra Kc(C, j x ). We 
begin with the characters. 

Proposition 3.27. Assume char(C) ^ p. Then %c{G^ x ) has no characters. 

Proof. Let /i be a character of %c{G^ x ). Since = <S^ xS = 0, we must have ^{S ntX ) = 
fj,(S n>x s) = for every n G Z. Proposition 3.25 now implies that all elements of Hc(G, x) an d 
Hc{G,x s ) map to 0. This gives a contradiction, since 1 = /-t(id c _ ind G( 7 s) = //(id x + id x s) = 
0. □ 

Assume now that char(C) = p. 

Definition 3.28. Let i G {0, 1}. We define \ii : Hc{G, 7 X ) — > C to be the character for which 

id s i i->- 1 

x 

and every other basis element maps to 0. 

Proposition 3.29. Assume char(C) = p. Then the characters of %c{G^ x ) are exactly /j,q 
and 

Proof. As in the characteristic prime-to-p case, we use Propositions 3.23 and 3.25 to conclude 
that every basis element besides id x and id x s must map to zero. Since id x + id x s = id c _ ind a^ 
and id x id x s = 0, we see that the characters must be exactly those stated. □ 

We now turn our attention to modules of dimension greater than one. We first assume that 
char(C) ^ p. Let \/C(~ 1) denote a fixed square root of £(— 1), and let 

A=y/{(-l)(S , x + S-i, x °). 
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We have that A 2 = T a , x + 7q-\x s ' arL( ^ that ^c(G,j x ) is free of rank two over Z 1 [A], with 
basis {id x , id x s}. 

Let A G C x , and fix a square root \/A- Let /x A denote the representation of Z lx [A] 
spanned by v, with action given by 

V ■ (T a , x + T a -\ x s) = \v, V ■ (T a , x s + T a -\ x ) = q 4 \~ 1 V, 

v ■ A = V\v. 

We consider the induced representation /i A ^<g> z lx [A]Hc{G , Jx)- Since the algebra Hc(G, j x ) 
admits no characters, this immediately implies that this module is simple. 

Lemma 3.30. The (isomorphism class of the) representation ji x ^ ®z lx [A] Hc(G, 7 X ) is in- 
dependent of the choice of square root \/X. 

Proof. Let (v)c denote the underlying space of fi x Then // A ^®z^ [A]H-c{G, 7 X ) is spanned 
by {v ® id x , v <g) id x s}. The action of Z lx [A] on the vector v <g> (id x — id x s) shows that /i A ^ 
is contained in H-\ % /\®z lx [A] Hc(G, 7x)U t [A]- By Frobenius Reciprocity we have 

{0} ^ Hom^^G^^x, ^ V x^z^ x [A]'Hc{Gnx)\z lx lA]) 

= Hom Hc{G>Jx) (fx x _ vx ®z^ x [A]'Ho(Gnx)^ f i x,V\®Zy x w' H c(G,'y x )). 
As both modules are simple, the result follows. □ 

With this lemma, we may unambiguously define M(A) = /i A ^ ®z lx \A] T^c{G, 7 x ). By 
considering central characters, we see that the modules M(A) are pairwise nonisomorphic for 
distinct values of A. 

Theorem 3.31. Assume char(C) ^ p. Every finite- dimensional simple right %c"(G,7 x )- 
module is of the form M(A), A G C x . 

Proof. Assume M is a nonzero simple right module, and assume that M\z 1x \a\ contains a 
character /i A Frobenius Reciprocity gives 

{0} ^ Romz Jx[ AM,Vx,M\z, x[ A]) = Hom Wc(Gi7x) (M(A), M), 
which implies M(A) = M by simplicity of M(A) and M. □ 

Assume now that char(C) = p. Let \/((— 1) denote a fixed square root of £(— 1), and let 

A = VC(-i)(5 , x + A = ^C(-i)(<So,x* + 

Note that A1A2 = A2A1 = 0, A\ = T a>x + T a -i tX s, and = 7^-i >x + 7^ iX s. The algebra 
%c{G, 7 X ) is free of rank two over Z 7x [Al, *4. 2 ], with basis {id x ,id x »}. 

Let A, A' G C be such that AA' = 0, and fix square roots a/X, a/A'. We let /i A A , yx denote 
the representation of Z^ x [Ai, A2] spanned by v, with action given by 

v ■ (T a , x + T a -i, x s) = Xv, v ■ (%-i >x + T a , x s) = X'v, 
v ■ Ai = VXv, v ■ A2 = y/X'v. 

We consider the induced representation /i A A , 7x7)7 ®z lx [Ai,Ai\ H-c{G,j x ). 

Proposition 3.32. The module fx xx , 7x7)7 ®z lx [Ai,A2\ 7~Lc{G^ x ) is reducible if and only if 
(A, A') = (0,0). In this case, we have 

/7),o,o,o ®z~ lx \Ax,A2\ T-Lc(G,<y x ) = /i ® 
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Proof. Assume that fi xx , yxvO/^-Z-r [Ai,A2]'H-c(G,j x ) i s reducible, so that it contains either /i 
or fii. In either case, both Ai and .4.2 must act by 0, and therefore (A, A') = (0, 0). The action 
of id x and id x s show that if (v) c — A*o,o,o,o as a Zy x [Ai, v42]-module, then (v(g>id x )c — Ho and 
(v Cg> id x s)c — A*i as %c(G, 7 x )-modules. □ 

Lemma 3.33. The (isomorphism class of the) representation /i A A , ^ v ^7®2 7x [^ 1 ,^ 2 ]'Hc(G ! , 7 X ) 
zs independent of the choice of square roots a/A, y/X/. 

Proof. This is obvious if A = A' = 0, so assume that A' = 0, A 7^ 0. If we let (v) c denote the 
underlying space of the character A* aa Va,o> tnen ^\,o,Vx,o ®z~, x [A x ,A 2 ] 7x) is spanned by 

{v <g> id x , v tg> id x s}. Considering the action of Z 7 [Ai, A2] on the vector v <S> (id x — id x s), we 
see that (i? (g> (id x — id x s)) c — Hxo-^/\o as [^-lj ^2] -modules. By Frobenius Reciprocity 
we have 

{0} ^ Hom 27x[Aii2] (/i A>() „^ , A'aaVX.o ®^[Ax,^a] ^c(G,7 x )|z 7x [A,X2]) 

- Hom Wc(Gi7x) (/i A! o_VA,o ^c(C,7 x ), /i AAv ^ j0 <8)2 7x [A,^ 2 ] 7*)) ■ 

As both modules are simple, the result follows. The case A = 0, A' 7^ is similar. □ 

With this lemma, we can unambiguously define M(A, A') = /i A A , ^ s / x i®z 1 [Ai,A2]H-c(G, j x ). 
By examining central characters, we see that the modules M(X, A') are pairwise nonisomorphic 
for distinct pairs (A, A'). 

Theorem 3.34. Assume char(C) = p. Every finite-dimensional simple right 'Hc(G, r y x )- 
module is either a character Ho or fii, or a module of the form M(A, A') with XX' = 0, (A, A') 7^ 
(0,0). 

Proof. Assume M is a nonzero simple right module which is not a character, and assume that 
M\z^ [A1A2] contains a character /i A A , ^ V / A r- If (A, A') = (0, 0), then M would contain either 
Ho or fii, and by simplicity would be equal to a character, giving a contradiction. Frobenius 
Reciprocity now gives 

{0} ^ Hom^^,^]^^,^^, Ml^^,^,]) = Hom Wc(G , 7x) (M(A, X'),M), 

which implies M(A, A') = M by simplicity of M(A, A') and M. □ 

We conclude with one final definition. 

Definition 3.35. Let \ : H — > C x be an arbitrary character, and let M be a finite- 
dimensional simple module for %c(G,j x ). We append x to the list of parameters of M, 
and use this notation to denote the corresponding module for %c(G, 1(1)), via the decompo- 
sition of Proposition 3.8. 

Remark. The isomorphism in Corollary 3.26 depends on the ordered pair (x,X s )- There is 
an obvious isomorphism of algebras %c(G, x ® X s ) — Hc(G, X s © x)j which identifies simple 
modules. In particular, the isomorphism gives M(X, %) = M(g 4 A _1 ,x s ) if char(C) 7^ p, and 
Ho, x = lH,y, Hi, x = Ho, x °, x) = M(X', X, x s ) if char(C) = p. 

4. Principal Series and Supersingular Modules 

4.1. Principal Series. We shall assume from this point onwards that C = ¥ p , and that 
all representations are smooth F p -representations. We call such representations mod-p or 
modular representations. We let 1 : ~¥ q 2 >• ¥ p denote a fixed embedding, and assume that 
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every F* -valued character of H factors through i. In an attempt to understand supersingular 
representations of G (cf. Introduction), we will make use of the functor sending a smooth 
representation tv to u; I<yl \ called the functor of /(l)-invariants. By Lemma 3(1) of [3], if tt is 
a nonzero smooth representation of G, then the module ix 1 ^ will also be nonzero. 

Let e = ( <8> rj be a smooth character of the full torus T of G, and consider the principal 
series representation ind B (e), where B is the standard upper Borel subgroup of G, and ( and 
rj are characters of E x and XJ(l)(E/F), respectively. In Proposition 4.4.9 of [1], Abdellatif 
has shown that the principal series representation is reducible if and only if e = rj o det, in 
which case it is of length 2. More precisely, we have a nonsplit short exact sequence 

-> rj o det ->■ ind^(e) -> rj o det ©St G -> 0, 

where Sto = i n ds(l)/l is the Steinberg representation of G. 

The Bruhat decomposition applied to K and the Iwasawa decomposition together imply 
that 

G = BIU Bn s I = BI(1) U Bn s I(l). 
Therefore, we may take as a basis for the space of /(l)-invariants of ind^e) the functions 
{/i,/2}, defined by 

/i(l) = l, A(n s ) = 0, 
/ 2 (1) = 0, / 2 (n s ) = l; 

the function fx is the unique /(l)-invariant function with support BI(1) taking the value 1 
at the identity (likewise for / 2 , supported in Bn s I(l)). 

For a smooth character e of T, we recall that since T\ is a pro-p subgroup, the restriction of 
e to T\ must be trivial. Let e* denote the representation of H = Tq/Tx, given by restricting e 
to T . The action of Hf (G, 1(1)) on ind^(£:) /(1) will depend on the character e*. If (e*) s = e*, 
then in the notation of Lemma 3.7 we have 

and the action of Hf (G, 1(1)) factors through algebra Hf (G,e*) (via the decomposition of 
Proposition 3.8). Likewise, if (e*) s ^ e*, then 

indg(e) /(1) = indg(£) 7 ' £ * e(e * )s = indg(e) 1 ' 6 * © indg(e) J ' (e * )s , 

and the action of Hf (G, 1(1)) factors through Hf p (G,e* © (£*) s )- 

Theorem 4.1. The algebra Hf (G, 1(1)) acts on (fx, f2)f ira the following way: 
(i) If e* factors through the determinant, then 

/i-e £ » = fx, fi-e x = 0, fi-T ng = / 2 , /i • T ny = -ji 
/a • e £ » = / 2 , /2 • e x = 0, f 2 ■ T ns = -f 2 , f 2 ■ T„ s , = e(a)/i, 
/or x ^ £*■ 

^m) If (e*) s = e* but e* does not factor through the determinant, then 

fi ■ e £ * = fx, fx ■ e x = 0, f x ■ T„ a = f 2 , fx ■ T„ s , = -fx 

h ■ e £ * = f2, h-e-x = °> h ' T n 3 = °> h' T »v = £ ( a )fu 

forx^ £*■ 
(in) If(e*) s ^ e*, then 

fi ■ e £ . = fx, /i • e x = 0, fx ■ T ns = fi, fi • T ns , = 
/2-e( e .)« = / 2 , /2-e x / = 0, / 2 -T„ s = 0, / 2 ■ T„ s , = C(-l)e(a)/i, 
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for X ^ £*, X' ^ (O*- 

Proof. See Appendix. □ 

Corollary 4.2. In the notation of Definition 3.35, the ~Hf (G, 1(1)) -module ind^ ( £ ) 7 « ZS 
given by the following: 

(i) Assume e* factors through the determinant. Then md'^(e) 1 ^ = M(e(a), £*) as right 
Hf p (G, 1(1)) -modules. 

(ii) Assume (s*) s = e* , but e* does not factor through the determinant. Then 'md'^(e) 1 ^ = 
M(e(a),e*) as right V.f p (G, 1(1)) -modules. 

(iii) Assume (e*) s ^ e* . Then ind^(£:) /(1) = M(0,e(a),e*) as right Uf (G, 1(1)) -modules. 

Proof. (i) Firstly, note that by Theorem 4.1, the central element of Hf p (G, e*) acts by e(a). 

Assume that ind^e) 7 ^ is reducible as an TLf p (G, e*)-module, and let c\f\ + C2/2, for 

Ci,C2 G F p , span a one-dimensional invariant subspace. The action of T ns shows that 
either c\ = c%, or c\ = 0. In the first case, the action of T ns , implies e(a) = 1, while in 
the second case it implies e(a) = 0, an impossibility. 

If e(a) 1, then 'md^(e) 1 ^ is a simple module, with the center of Hf p (G, e*) acting by 

Therefore ind^) 7 ^ M(e(a),e*). If e(a) = 1, then the action of the operators 
T„ s and T n , on the basis {/2,/i} shows that ind < ^(e) 1 ^ = M(l,e*). The condition 
e(a) = 1 implies e = rj o det, in which case we have a short exact sequence 

^ rj o det ^ ind^e) rj o det ®St G >■ 0. 

Using the same argument as in [33], we conclude that taking /(l)-invariants is exact 
in this case, and we obtain: 

»- rj o det ^ indf (e) J W rj det ®St 7(1) 

/i ,o, £ * M{\, e*) - /x-i,-i, e . 

Applying the Five Lemma gives rj o det (8>St / *- 1 - ) = fi-i^-i^*. 

(ii) By Theorem 4.1, the central element of f-Lf (G, £*) acts by e(a). Assume that ind^fe) 7 ^ 
is reducible as an Hf (G, e*)-module, so that it contains either //o,o,e* or A'o.-i.e*- In either 
case, the central element acts as 0, which implies e(a) = 0, an impossibility. Thus, 
the module ind^e) 7 ^ is simple, and by Theorem 3.21, we must have ind^(e) 7 ^ 1 ' = 
Af(e(a),e*) as right Hf p {G, J(l))-modules. 

(iii) The action described in Theorem 4.1 shows that ind^(e) 7 ^ 1 ^ does not contain a char- 
acter. Thus ind^(e) 7 ^ 1 ) is simple as a right T-Lf (G,e* © (5*) s )-module, and is therefore 
determined by the action of the center. Proposition 3.25 and Corollary 3.26 imply that 
the center is generated by 

C(-l)(e e *T n , s ,T ns +e (e . )s T„ s T ns ,) and C(-l)(e (e .).T, v T n , + e^T^T^,). 

The first element acts by 0, while the second element acts by e(a). Therefore, we have 
indg(e) 7 W M(Q,e(a),e*) as right H Wp (G, J(l))-modules. 

□ 

4.2. Supersingular Modules. In light of the results of the previous section, we make the 
following definition: 
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Definition 4.3. Let x = C ® V be a character of the finite torus H. We define the following 

characters of Hf p (G,I(l)): 

(i) Assume that x = V ° det. We set 

M x,(s,0): e x i-» 1, e x / i-» 0, T„ s 0, T„ s , i-» -1; 

for x' ^ X- 

(ii) Assume that x s — X? but x V ° det. We set 

M x,(0,s') : e x ^ 1> e x' ^ °> T «, ^ °> T »v ^ 0; 
M x,(0,0) : e x ^ !> e x' ^ °» T -s ^ 0, T„ s , -1, 

for X' X- 

(iii) Assume that x s 7^ X- We set 

M x,(0,0) : e x ^ !> e x' *-> °> T n s ^ °> T »V ^ °> 

for x' 7^ X- 

The modules defined in this way are supersingular (as defined in Definition 3.11). We will 
denote a generic supersingular module above by M Xi j, where J = (J, J') is an ordered pair 
as above with J C Jo(x)j ^' C J'q(x)- This notation is motivated by the notation of Section 
5 (cf. Definitions 5.2 and 5.3). 

Note that we have M Xi j = M x >j/ if and only ii x = x' an d J = J'. The computations of 
the previous sections lead to the following Corollary: 

Corollary 4.4. (i) Let M be a finite-dimensional supersingular Hf^(G, 1(1)) -module. Then 
M = M X; j for some x o,nd J , where M Xi j is a module as in Definition 5.3. 
(ii) The functor of 1(1) -invariants induces a bijection between irreducible nonsupersingular 
representations of G and nonsupersingular finite- dimensional simple right "Hf (G, 1(1))- 

modules. Moreover, if M is a simple right Hf (G, 1(1)) -module such that M ^ tt^ 1 ) for 
any nonsupersingular representation tt, then M is a supersingular module. 

Proof. This follows from Theorems 3.16, 3.21, 3.34, and Corollary 4.2. □ 

Corollary 4.5. Let tt be a smooth irreducible representation of G. If n 1 ^ contains a sub- 
module isomorphic to a supersingular module, then n is supersingular. 



5. Representations of the Finite Groups and Finite Hecke Algebras 

In this section, we recall results about mod-p representations of the finite groups T = 
U(2,1)(F 9 2/F ? ) and T' = (U(l, 1) x V(l))(¥ q2 /¥ q ). On one hand, we have a complete de- 
scription of such representations in terms of characters x °f H and subsets of a certain set 
Jo(x), due to Carter and Lusztig (cf. [10]); on the other hand, we have a more classical 
description in terms of highest weight modules. Our goal will be to provide a dictionary for 
matching the two sets of representations. For references on the highest weight classification, 
the reader is urged to consult the lecture notes of Steinberg ([30]) or Humphreys ([20]). 

We fix some notation. Let S and S' denote the sets of Coxeter generators for the Weyl 
groups associated to T and T', respectively. In both cases, the sets S and 5" have size 1, 
consisting of the class of the elements s and s', respectively. 
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5.1. Finite Hecke Algebras. We first describe the Hecke algebras for the finite groups V 
and T', and their associated simple modules. 

Definition 5.1. We define 

H r := End r (ind{;(l)), Hv ■= Endrv(ind£',(l)), 

where ind denotes induction in the category of representations of finite groups and 1 denotes 
the trivial character of U or U'. 

Extending functions by zero induces the injections indu(l) — ind^^l) ^ c-ind^^l) and 
indjj/(l) = ind^(l) c — >■ c-ind^^l). Passing to /(l)-invariants, we may view the algebras Hr 
and Hr' as subalgebras of Hf (G, 1(1)) by the morphisms 

H r ^ Rom K (mdf (1) (l),c-mdf {1) (l)\ K ) Hom G (c-indf (1) (l), c-indf (1) (l)) = H Wp (G,I(l)), 

U T > ^ Hom^Cind^C^.c-ind^^l)]^) = Hom G (c-indf (1) (l), c-indf (1) (l)) = H fp (G,I(l)). 

We deduce from these morphisms that the algebra Hr is generated by T„ s and e x for all 
characters x °f H, while Hr' is generated by T„ s , and e x for all characters \ °f H . 



Definition 5.2. We define 
Mx) := 

J'o(x) ■ = 



{s} if x factors through the determinant, 
otherwise, 

{s'} if x s = X, 
otherwise. 



Definition 5.3. Let x '■ H — > ¥ p be a character. 

(i) Let J C Jo(x)i an d let M Xt j denote the character of Hr given by 

( o Use J, 

e x )-> 1, e x / ^ 0, T„ s i ^ I -1 if s G J (x) \ J, 

[ ifs^Jo(x). 

for x' ^ x. 

(ii) Let J' C Jq(x): an d let M'j/ denote the character of Hr' given by 

f if s' G J', 

e x h- 1, e x < h- 0, T„ s , i ^ ^ -1 if s' G J£(x) s J', 

[ iisi?J>(x). 

for x' ^ X- 

With these definitions in place, we arrive at the following Proposition. 

Proposition 5.4. Let x '■ H — > F* be a character. 

(i) Every simple right Hr-module is isomorphic to a character M Xt j with J C Jq(x)- 

(ii) Every simple right Hr' -module is isomorphic to a character M' Jf with J' C Jq(x)- 

Proof. The pairs (B, (N n K)/(N n A x )) and (!', (AT n K')/(N n form "strongly split 
BN pairs of characteristic p" (cf. [9] Definition 2.20). The result then follows from Theorem 
6.10(iii) of [9]. □ 
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5.2. Carter-Lusztig Theory. Using the results of the previous section, we may begin clas- 
sifying the mod-p representations of the finite groups T and V. The starting point of this 
theory relies on Proposition 26 of [29]: if p is a nonzero mod-p representation of T, then 
P U 7^ {0}- The latter space has an action of the Hecke algebra Hy, so we obtain a functor 
from the category of mod-p representations of T to right "Hr-modules. We remark that this 
discussion holds equally well for T' and U'. The properties of this functor are made precise 
by the following Proposition: 

Proposition 5.5. (i) The functor p \— > p u induces a bijection between irreducible represen- 
tations o/r and simple right Hr -modules, 
(ii) The functor p' y (p') v induces a bijection between irreducible representations ofV and 
simple right T-Ly' -modules. 

Proof. Since "Hr and "Hr' are Frobenius algebras, the result follows from Proposition 1.25(h) 
of [9]. □ 

In light of this Proposition, we make the following definition: 

Definition 5.6. Let x '■ H — > F* be a character. 

(i) For J C Jo(x), we define p X) j to be the representation of F such that p^.j = M X; j. 

(ii) For J' C Jq{x)-, we define p' Jt to be the representation of V such that (p' x j,) u ' = M' Jt . 

The irreducible mod-p representations of V (resp. V) have been classified by Carter and 
Lusztig in terms of characters x °f H and certain subsets of S (resp. 5"). More precisely, 
given a nonzero irreducible mod-p representation p of T, we have p v ^ {0}; by Frobenius 
Reciprocity for finite groups, we obtain a surjection from indjj(l) onto p, where 1 denotes the 
trivial character of U. Since indu(l) decomposes as a direct sum of indjj(x), we see that p 
is actually a quotient of a parabolically induced representation. In [10], Carter and Lusztig 
show how to construct irreducible quotients of parabolic inductions ind^(x) by using the 
Hecke operators e x and T ns (with analogous results holding for the group T'). 

Proposition 5.7. Let x '■ H — > be a character. 

(i) If x factors through the determinant, then 

Px,s = im(l + T n , s : indjj(x) -»■ ind^(x)), 

Px,0 - im ( T n s : ind^x) -> indjj(x)). 
If x does not factor through the determinant, then 

Px$ - im ( T n s : ind^(x) -> ind^(x s )). 

(ii) If x s = X, then 

P'x,s> - ^i 1 + T n s , ■ indj(x) -> indj(x)), 
p'x,® ~ im ( T n a , ■ indj(x) ->■ indj(x)). 

V X s X, then 

P'x,® ~ im ( T n 3 , ■ ind£(x) -> in 4'(x s ))- 
Proof. Theorem 7.1 and Corollary 7.5 of [10] imply that the images of the Hecke operators 
are irreducible and inequivalent; it therefore suffices to match the two sets of representations. 
Theorem 7.1 and Proposition 6.6 of [10] give the action of %y and on the U- and U'- 
invariants of the image representations. The claim then follows from Proposition 5.4 and 
Definition 5.6. □ 
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Lemma 5.8. Let x = C ® V '■ H — > F* be a character. 

(i) Assume x = ?7°det. Then e x (l + T n Je x and —e x T ns e x are orthogonal idempotents, and 
induce a splitting 

in 4(x) = P x ,s ©P x ,0- 

Moreover, we have 

Px,s — V ° det, p Xi = 770 det ®St, 
where St = indjj(l)/l is the Steinberg representation ofT. 

(ii) Assume x s — X- Then e x (l + T ns ,)e x and — e x T„ s ,e x are orthogonal idempotents, and 
induce a splitting 

indjj'(x) = p' x ,s'®p' x fi- 
Let det* : U(l, l)(F g 2/F g ) — > U(l)(F g a/F g ) denote the determinant map of the group 
U(l, 1)(F 9 2/F g ). Then there exists a unique character : U(l)(F g 2/F 9 ) — > F* such that 
X = ((£' o det*) E 77) |h; we /iavje 

P x ,s' - (C det*) E 77, p' x = (C o det* ®St') E 77, 

where St' = ind B / nU j[ ^ ^ F ^(l)/1 zs the Steinberg representation o/U(l, l)(F g 2/F f/ ). 

Remark. We use the notation IE to denote the external tensor product of representations of 
U(l,l)(f>/F,) andU(l)(F g2 /F g ). 

Proof. The first claim of parts (i) and (ii) follow from Theorem 3.10. For a character x = 77odet 
that factors through the determinant, we have indjj(x) — (v det) <g) ind^(l), so it suffices 
to assume x — 1 is the trivial character of B. Theorem 7.1 of [10] and Proposition 5.7 now 
imply that pis is the trivial representation, which means p\$ = St. This proof also applies 
mutatis mutandis for representations of V. □ 

We record one final result regarding the constituents of ind^x), which will be of use later. 

Lemma 5.9. Let x '■ H — > F* be a character. 

(i) Assume X s = X- Then we have 

ind£(x) = P' X)S ' ® P' x fi- 

(ii) Assume X s X- Then the sequence 

p' x s fi -»■ indj(x) P X)0 
zs exaci «/ and on/?/ if q = p. In this case, the sequence is nonsplit. 

Proof. Part (i) follows from Lemma 5.8. For part (ii), note that the representation p' x 

is defined by p' x0 = T„ s , (ind£/(x)); moreover, the endomorphism T ns/ maps ind^x' 5 ) into 

indg/(x), which implies p^ C indjj,(x). Since T^ ; = on the space ind^,(x s ), we have p xS0 C 
ker(T ns ,). If p^ is isomorphic to the representation V- k Mu c defined below, Proposition 5.19 
implies 

/-1 /-1 
dim fp (p x0 ) + dim Ip (p xS)0 ) = + 1) + JJ(p - £); 

i=0 i=0 

this quantity is equal to q + 1 = dim^ (ind]g/(x)) if and only if g = p. Theorem 7.4 of [10] 
implies that the sequence is nonsplit. □ 
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Remark. One can show, by computing dimensions and using Proposition 5.14 below, that for 
X 7^ rj o det the sequence 

-> p x *,0 -> indjj(x) -> p x ,0 -> 

is never exact, even for q = p. 

5.3. Highest Weight Modules: U(2,l). We now describe a classification of representa- 
tions of T in terms of highest weight modules. We begin with the representations of SL 3 (F P ). 
Let Xj,k denote the character of the maximal torus of SL 3 (F P ) given by 

fa \ 

Xj,k a~ x b = a j b k , 

\o o b- 1 ) 

where a, b G F* and j, k G Z. The characters Xj,k with j, k > are called the dominant 
weights (with respect to the "standard" choice of upper Borel subgroup). The characters Xi,o 
and xo,i are the fundamental dominant weights. 

Theorem 5.10. The irreducible finite- dimensional mod-p representations of SL 3 (F P ) are 
parametrized by the set of dominant weights. For a weight Xj,k> we ^ Vj,k denote the corre- 
sponding representation. IfU denotes the upper unipotent elements o/SL 3 (Fp), then V^ k is 
one-dimensional, and the upper Borel subgroup o/SL 3 (Fp) acts on V^ k by the character Xj,k- 

Proof. This is §12, Theorem 39 in [30]. □ 

Given a representation V of SL 3 (Fp), we form a new representation V Fr : the underlying 
space of is the same as that of V, with the action given by first applying the map x H- x p 
to the entries of an element of SL 3 (Fp). In particular, we have V^j = V v ^ v k- With this tool 
we can be more precise about the structure of the representations Vj^ thanks to Steinberg's 
Tensor Product Theorem: 

Theorem 5.11. Let j,k G Z> , and let j = Yli>ojiP 1 ^ = Yli>o^iP l ^ e the p-adic expansions 
of j and k. Then 

CO 

i=0 

as SL 3 (Fp) -representations. 

Proof. This is §12, Theorem 41 in [30]. □ 

Remark. The theorem above shows that in order to classify the irreducible finite-dimensional 
representations of SL 3 (F P ), it suffices to understand the representations Vj^ with < j, k < p. 
The precise structure of these representations is governed by the Linkage Principle. We shall 
not need these results here, but for more information on this topic the reader may consult 
the book of Jantzen ([22]). 

Theorem 5.12. The representations Vj^ of SL 3 (F P ) with < j, k < q remain irreducible 
upon restriction to SU(2, 1)(F ? 2/F g ). Moreover, the given representations Vj^ exhaust the 
irreducible mod-p representations of SU(2, l){¥ q 2/¥ q ). 



Proof. This is §13, Theorem 43 in [30]. 



□ 
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To obtain the irreducible representations of T = U(2, l)(¥ q 2/¥ q ), we proceed as follows. 
The subgroup 

'l N 

5 | : 5 G U(l)(F g2 /F ? ) 

v° K 

gives a full set of coset representatives for r/SU(2, l)(¥ q 2/¥ q ). For an irreducible represen- 
tation Vj t k of SU(2, l)(¥ q 2/¥ q ), we let V^ k denote the representation with the same underly- 
ing space as V^., with the action given by first conjugating an element of SU(2, l)(¥ q 2/¥ q ) 

by ^o5oj. Since these diagonal elements normalize U < SU(2, l)(F g2 /F ? ), we have that 

(^fc) U = Vfk ( as vec tor spaces), for every 5 G XJ(l)(¥ q 2/¥ q ). Moreover, the action of the 
maximal torus of SU(2, l)(F g 2/F g ) on these spaces is identical. This implies that V? k = Vj^ 
for every 5 G XJ(l)(¥ q 2/¥ q ), which means we may lift Vj^ to a projective representation of Y. 
Since 

i/ 2 (r/SU(2,l)(F 9 2/F g ),F;) = {0}, 
this representation lifts to a genuine representation of Y. After twisting by an appropriate 
power of the determinant, we can ensure that the element ^o* _o i j acts by the scalar a^ +qk 
on VK. We continue to denote by Vj^ this representation of Y. 

Corollary 5.13. The irreducible mod-p representations ofY are given by Vj^® (det) c , where 
< j, k < q and < c < q + 1 . 

Proof. Restricting Vjk ® (det) c to SU(2, l)(¥ q 2/¥ q ) verifies that each representation is irre- 
ducible, and by examining the action of H (and dimensions of the Vjk) we see that they are 
pairwise nonisomorphic. Since the number of p-regular conjugacy classes of Y is q 2 (q + 1), we 
conclude that these exhaust all irreduble representations. □ 

We can now provide a dictionary between the Carter-Lusztig description of representations 
and the description in terms of highest weight modules. 

Proposition 5.14. Let x = C® 1 ! '■ H — > ¥* be a character. Let < r < q 2 — 1 be the unique 
integer such that 

C(a) = a r 

for every a G F* 2; and let < c < q + 1 be the unique integer such that 

r)(S) = 5 C 

for every 5 G U(1)(F, 2 /F,). 

(i) Assume r = 0. Then \ — V ° det factors through the determinant, and we have 

Px,s = V 0>0 ® V$ ® • • • ® Vfif' 1 ® (det) c (det) c 

Px3 9* Vp-t^x ® ^ ljP _! (8) • • • ® ^-Cp-i ® ( det ) C - St ® ( det ) C ' 

where St denotes the Steinberg representation. 

(ii) Assume r ^ 0. T/ien i/iere exists a unique pair (j,k) such that < j,k < q and 
j + qk = r . Let j = YliZo 3iV % ■> k = ^2{Zo ^ip 1 be the p-adic expansions of j and k. We 
have 

Px,0 = V joM ® Vg M ® • • • ® ® (det) c . 
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Proof. In each description of irreducibles, we have q 2 (q+l) representations; it therefore suffices 
to match these representations. Given a character \ = C® 1 ! '■ H — ?■ F* with parameters (r, c), 
we have 

fa \ 

X 5 = a r {aa- 1 5) c . 
\0 a- 1 ) 

(i) We see that r = if and only if % = rj o det. In this case, Lemma 5.8 implies that 

Px,s - V ° det = (det) c and p Xi0 = St ® 77 o det = St ® (det) c . 

Of the representations Vj^® (det) c , the only representations on which if acts by (aa~ 1 5) c 
on the U-invariants are Vo,o ® (det) c and V^_i ig _i ® (det) c . We have that the dimension 
of Vo,o ® (det) c is 1, while the representation St has dimension |U| = g 3 ; hence we must 
have 

(det) c = V 0fi ® (det) c and St ® (det) c = ® (det) c . 

(ii) As before, it suffices to match the action of H on the U-invariants of each representation. 
Let (j, k) be integers such that < j, k < q and r = j + qk. We see that H acts on 
{Vj,k <8> (det) c ) u by a- 7+ljfc (aa _1 5) c = a r (aa _1 5) c . Writing out the p-adic expansions of j 
and k implies 

Px$ = V j0 , k0 ® ® • • • ® Vg^-^ ® (det) c . 

□ 

Remark. The results of [30] apply more generally to a split reductive algebraic group over 
a finite field with a semisimple derived subgroup, or one of their "twisted analogues." In 
particular, we may match the representations ® J W0 <^ X °f Carter-Lusztig with the highest 
weight modules as described in [30]. 

5.4. Highest Weight Modules: U(l,l) xU(l). We now describe representations of V = 
(U(l, 1) x U(1))(F ? 2/F g ) in terms of highest weight modules. Every such representation is 
of the form p' M t], where p' is a representation of U(l, 1)(F 9 2/F 9 ) and rj is a character of 
U(l)(F g 2/F ? ). Though we may again use the results of [30], we instead proceed in a more 
explicit and ad hoc manner. 

Definition 5.15. Let < j < q, < k < q + 1, and let j = jiP 1 be the p-adic expansion 
of j. We denote by V- k the representation of U(l, l)(F g 2/F g ) given by 

Sym J '°(Fp) ® Sym J1 (Fp) Fr ® • • • ® Sym^- 1 ^)^" 1 ® ( det*) fc , 
where det* denotes the determinant map of U(l, 1)(F 9 2/F 9 ). 

Definition 5.16. We let to : U(1)(F ? 2/F 9 ) F^ 2 A F^ denote a fixed fundamental character 
of U(l)(F g2 /F ? ). Every Fp-valued character of U(1)(F 9 2/F (? ) is of the form w c , < c< q + 1. 

Theorem 5.17. The irreducible mod-p representations of V are given by V- k Kl u c , where 
< j < q and < k,c < q + 1. 

Proof. One may check that the q(q + l) 2 representations V- k M u c are inequivalent and irre- 
ducible. Since the number of p-regular conjugacy classes of V is q(q + l) 2 , we conclude that 
these exhaust all irreducible representations. □ 
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Remark. We remark that this theorem may be deduced from the fact that SU(1, l)(¥ q a/¥ q ) 
is conjugate to SL 2 (F g ) inside of SL 2 (F P ). 

Lemma 5.18. Let < j < q and < k,c < q + 1. Then the action of H on (V- k M uj c ) v ' is 
given by the character 8 ^ ^ i— >■ a~ q ^ +( - 1 ~ q " )k 5 c . 

Proof. The previous theorem implies that V- k Klo; c is irreducible, and Proposition 5.5 implies 
that (V^ k Mu c ) v ' is one-dimensional. Let j = J2i=o JiP 1 be the p-adic expansion of j, and let 

2 

{vi, v 2 } be the standard basis of F . The vector 

v{° ® vi 1 g) • ■ ■ ® v^' 1 <g> 1 H 1 

is fixed by U', and therefore spans (Vj k Kl u c ) v ' . The action of j on this vector is 

given by (a- 1 ) j a^-^ k 5 c = a- qj+( - 1 ~ q)k 5 c . □ 

We may now provide a dictionary between the representations p' x Jf and V- k M uj c . 

Proposition 5.19. Let x = C ®V '■ H — s-F* be a character. Let < c < g + 1 be the unique 
integer such that 

r)(8) = 5 C 

for every 5 G U(1)(F 9 2/F 9 ), and let < r < q 2 — 1 be the unique integer such that 

((a) = a r+c ^ 

for every a G F* 2 ■ 

(%) Assume r = (mod q— 1). Then x s = X> an d there exists a unique integer < k < g + 1 
such that (1 — q)k = r (mod q 2 — 1). VFe /jcroe 

p^, ^ Vj^ det*) fc B w c 

P'x,0 = V^ k+1 Muj c = (St'®(det*) k )Muj c , 

where St' denotes the Steinberg representation o/U(l, l)(F g a/F g ). 
fnj Assume r ^ (mod g — 1). T/ien % s 7^ % ; and t/iere exists a unique pair (j, k) such that 
< j < q, < k < q + 1 and —qj + (1 — q)k = r (mod q 2 — 1). Let j = YljZoJiP 1 be 
the p-adic expansion of j . We have 

p' x$ Kl cj c = (Sym J0 (Fp) ® Sym J1 (f') Fr ® • • • ® Syrn^- 1 (I*) 1 *' -1 ® ( det*) fc ) H cu c . 

Proof. In each description of irreducibles, we have q(q + l) 2 representations; it suffices to 
match these representations. Given a character x = C ^> V '■ H — >• F* with parameters (r, c), 
we have 

fa \ 

X 5 = a r <5 c . 
\0 a" 1 / 

(i) We see that r = (mod q — 1) if and only if x s = Let 0<&;<g+lbe the unique 
integer such that (1 — q)k = r (mod g 2 — 1). In this case, Lemma 5.8 implies that there 
exists a unique £' : U(l)(F g a/F 5 ) — >• F* such that 

p' x S , ((' o det*) Mt] = ( det*) fc B w c and p' x0 ^ (St' ® C' ° det*) H 77 = (St' <g> ( det*) fc ) K w c . 
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Of the representations V- k M co c , the only representations on which H acts by a^ 1 ~ q ' lk S c 
on the U'-invariants are V^ fc Klo/ and V^_ lfc+1 Klu; c . Since dinip p (V r ' fc E3u; c ) = 1 and the 
representation St' has dimension |U'| = q, we see that we must have 

(C' o det*) K rj = V^ k K u c and (St' ® ( det*) fc ) lw c = Vj_ 1(fc+1 K w c . 

(ii) As before, it suffices to compute the action of H on the U'-invariants of each repre- 
sentation. Let (j, k) be a pair of integers such that < j < q,0 < k < q + 1 and 
r = — qj + (1 — q)k (mod g 2 — 1); the condition r ^ (mod q — 1) implies 1 < j < g — 2 
and x s 7^ Xi which in turn implies that the pair (j, k) is unique. Lemma 5.3.5 implies 
that H acts on (Vj k Kl tu c ) v by a~ q: > + ( 1 ~ q ^ k § c = a r S c . Writing out the p-adic expansion 
of j implies 

p Xi0 V^ fe Kl w c = (Sym JO (Fp) ® Sym J1 (F*) Fr ® • • • ® Sym^-^Fp)^" 1 ® (det) fc ) B c^ c . 

□ 

6. Diagrams and Coefficient Systems 

6.1. Definitions and First Properties. In this section, we follow [26] closely and translate 
the language of coefficient systems and diagrams to the group G. In fact, our case is even 
easier to some extent, due mainly to the fact that the extended Bruhat-Tits building of 
G coincides with the reduced Bruhat-Tits building, and therefore stabilizers of vertices are 
maximal compact subgroups of G. 

Let X be the reduced Bruhat-Tits building of G (which is also the Bruhat-Tits building of 
SU(2, 1)(E/F)). We refer the reader to [32] for an excellent exposition, particularly Sections 
2.7 and 2.10. The building X is a simplicial complex of dimension 1 (that is, a tree), with a 
natural action of G. We let X Q denote the set of all vertices on the tree, and let Xi denote 
the set of all edges of X. Given a simplex a C X, we let &(a) < G denote its stabilizer 
subgroup. We denote by A the apartment corresponding to the maximal F-split subtorus of 
T. Since the group K is hyperspecial, there exists a vertex a in A such that ^(cr ) = K. 
Moreover, there exists a unique vertex a' neighboring o"o in A such that ^(ctq) = K' [32] 
Section 3.1.1). The vertex a' has q + 1 neighboring vertices in X; the vertex <7o has q 3 + 1 
neighboring vertices and is hyperspecial (these facts follow from Statement 3.5.4 in [32] and 
| r /IB | = g 3 + 1, |r'/B'| = q + 1). Moreover, in any fixed apartment the vertices alternate 
valency (that is, the number of neighboring vertices in X) between g 3 + 1 and q + 1. We let 
Ti denote the edge from cr to a' Q ; we have ^(t x ) = /. We remark that we may alternatively 
define X in terms of additive norms (cf. [32] Examples 2.10 and 3.11). 

The tree X has a natural (combinatorial) G-invariant distance function, and we denote by 
Xq (resp. Xq) the set of vertices at an even (resp. odd) distance from <jq. The group N acts 
on A, and under this action the points of AdX^ (resp. A(1Xq) are all conjugate. Given any 
vertex a in Xq (resp. X£) and an apartment A' containing a and o"o, there exists an element 
g G G fixing a such that g. A' = A (cf. Section 2.2.1 in [32]). This implies that all vertices in 
Xq (resp. Xq) are conjugate. Since the action of G preserves valency, we conclude that Xq 
and Xq constitute two disjoint orbits for the action of G on X . 

Coefficient systems over C were first introduced in [28] by Schneider and Stuhler, and used 
in the mod-p setting by Paskunas in [26]. We recall the definition. 
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Definition 6.1. A coefficient system V = (y a ) a on X consists of F p -vector spaces V a for 
every simplex a C X, along with linear restriction maps r T c : V T — > V a for every inclusion 
a C r, such that r a a = idy CT for every a. 

Definition 6.2. Let V = (V r (7 ) cr be a coefficient system on X. We say the group G acts on V 
if for every g G G and every simplex a C X, we have linear maps <7 CT : V a — > V g , a satisfying 
the following properties: 

(i) For every g,h G G and every simplex o C X, we have (g/i)o- = Qh.u ° ^o-- 

(ii) For every simplex a C X, we have 1 CT = idy a . 

(iii) For every g G G and every inclusion <r C r, the following diagram commutes: 

V g % V 

Definition 6.3. Let V = (V^) CT be a coefficient system on which G acts. In particular, the 
definition above implies that V a is a representation of ^(cr) for every simplex a G X. If this 
action is smooth, we call V a G-equivariant coefficient system. We denote by COETq the 
category of all G-equivariant coefficient systems on X, with the evident morphisms. 

Before going on to more details, we record the following useful fact: given a G-equivariant 
coefficient system V = (K-) CT , let r = {cr, cr'} be an edge such that a G X^a' G Xq. There 
exists g E G such that r = g.Ti, meaning a = g.ao and cr' = g.o~' . We see that this implies 

Va = g<r ■ V ao , V a > = g a > . V a ' Q , V T = g n . V T1 . 
From these translation relations, we have the following relations on the restriction maps rj: 

(6) r T a = g ao o r T J- Q o (g~ l ) r , r T a , = g a[) o o (g~ l ) r . 

Definition 6.4. A diagram is a quintuple D = (Do, D' , D\, r, r'), in which (pq,Dq) is a 
smooth representation of K, (p' ,D' ) is a smooth representation of K', (pi,Di) is a smooth 
representation of /, and r G Homj(Z?i, D \j), r' G Hom/(£) 1 , Z5 |/). 

We may represent a diagram pictorally as: 

D 




Do 

Definition 6.5. A morphism ip between two diagrams D = (Do, D' , D\, rp, r' D ) and E = 
(Eo,E' ,E 1 ,r E ,r' E ) is a triple (^ip^rji), where ip G Bom K (D , E ), ip' e Hom^/ (D' Q , E' ), 
and rji G Hom/(Di, E\), such that the squares in the following diagram commute as I- 
represent at ions : 
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£o * , Eo 



Di v - .Eh 






ib 1 Te 

D'o >K 

We say ip is an embedding if the maps ipo, V'd? anc ^ Vi are injective. 

The set of diagrams with the morphisms defined above becomes a category, which we denote 
by DXAQ. The main result here is: 

Theorem 6.6. The categories VXAQ and COETq are equivalent. The equivalence is induced 
by the functors 

V: COET G -> VXAQ 
C: VXAQ -> CO£F G , 

where C and T> are as in Definitions 6.15 and 6.16. 

Proof. See Appendix. □ 

6.2. Homology. Let V = (V T ) T be a G-equivariant coefficient system. We denote by C c (Xq, V) 
the F p -vector space of all maps: 

u : X K, 

such that: 

• a; has finite support; 

• k>(<r) £ K- for every vertex a. 

We call such a map u a 0- chain. 

Let be the set of all oriented edges: if {cr, a'} is an edge, we let (cr, cr') denote the 
oriented edge from cr to a'. Denote by C C (X^), V) the F p - vector space of all maps: 

u> : X {1) — >■ 

{cr, CT '}eXl 

such that 

• uj has finite support; 

• w((<t,o / )) e *W}5 

• ^((ff'.ff)) = -w((cr,Cr')). 

We call such a map u a 1 -chain. 

There is an action of G on the two spaces above, induced from the action of G on the tree 
X and the coefficient system V. Explicitly, for an element g £ G, we have 

(9-u)((t) = 9g-Ka-{w{g~ x .(T)), for a; £ C C (X , V); 

(fi'-W)((cr,cr / )) = fl'{fl-i. fflfl -i.B'}.(w((fl'~ 1 -0 , ,flf~ 1 .<7'))), for w £ C7 C (X (1) , V) . 

The action on both spaces is smooth. 



The boundary map d is defined as: 
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d: C C (X (1) ,V) C C (X ,V) 
uj \-> 



where a' ranges over all neighbors of the vertex a. One may easily verify that d is a G- 
equivariant map. We define Hq(X, V) as the cokernel of d and Hi(X,V) as the kernel of d, 
both of which inherit a smooth action of G. 

6.3. Properties of H (X,V) and Hi(X,V). We fix a G-equivariant coefficient system V = 
(V T ) T . 

Lemma 6.7. Let uj be a 1- chain, supported on a single edge r = {a, a'}. Then 

d(uS) = uj a - uj a i, 

where uj a and uj a i are two 0-chains, supported respectively on a and a' . More precisely, letting 
v = u((a,a')) } then we have 

Wo-(cr) = rl(v), and uv(cr') = r T a ,{v). 

Proof. This follows directly from the definition of the boundary map d. □ 

Lemma 6.8. Let u be a 0-chain, supported on a single vertex a. Suppose that the two 
restriction maps r T J o and r^) are both injective. Then the image of uj in H (X,V) is nonzero. 

Proof. From the assumption and equation (6) above, we see every restriction map is injective. 
The claim then follows from [26], Lemma 5.7. □ 

Lemma 6.9. Suppose that the two restriction maps rJJ, and are both injective. Then 
H 1 (X,V) = {0}. 



Proof. Let u G C c (Xm,V) be a nonzero 1-chain such that d(u) = 0, and let a be a vertex 
which is contained in only one edge r = {a, a'} of the support of uj. We then have = 
d(oj)(a) = r^(uj((a,a'))). Injectivity of the restriction maps implies r^(oj((cr,a'))) ^ 0, a 
contradiction. □ 

Lemma 6.10. Let u be a 0-chain. Suppose the two restriction maps and r T ^ are both 
surjective. Then, for any vertex a , there is a 0-chain uj a , supported on the single vertex a , 
such that 

u + d(C c (X {lh V)) = uj. + d(C c (X m , V)). 

Proof. As r^ 1 and r T1 , are both surjective, we see that every restriction map is surjective by 
equation (6). The claim then follows from [26], Lemma 5.8. □ 

Proposition 6.11. Suppose r T J o and are both isomorphisms of vector spaces. We then 
haveH (X,V)\ K = V ao , H (X,V)\ K > = V a > , and H (X,V)\j — V T1 ■ 

Proof. For a = <To or a' , denote by C c (cr, V) the vector space of 0-chains with support con- 
tained in {a}. We then have an evaluation map ev a , which is an isomorphism of ^(cr)- 
represent at ions : 

ev a : C c (a,V) -> V a 

uj i — y uj(a). 
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Let j a be the composition of the inclusion C c (o~, V) — > C C (X , V) and the canonical map 
C C (X ,V) —> H (X,V). It is easily seen to be ^(a)-equivariant. Moreover, Lemma 6.8 
and Lemma 6.10 imply that j a is an isomorphism of vector spaces. Hence, we get a ^(cr)- 
equivariant isomorphism j CT o [ev a )~ l : V a — > H (X, V)\&( a ). Since the restriction maps r^ 1 are 
isomorphisms of /-representations, and I C ^(<r), we see that i a = j a o (e^)" 1 o r^ 1 : V T1 — )■ 
H (X,V)\i is an isomorphism of /-representations. □ 

Corollary 6.12. Suppose rjj, and r^) are both isomorphisms of vector spaces, and let o = o§ 
or erg. Then the following diagram of I -representations commutes: 

V n ^-^H (X,V) 

id 

Proof. This follows readily from the previous Theorem. □ 

6.4. Constant functor. Let ir be a smooth representation of G, with underlying space W. 
We define a constant coefficient system JC n as follows. Let o be a simplex on the tree X, and 
set 

= 

If a C r are two simplices, the restriction map r T a is defined as idw- For every g £ G, and 
every simplex er in X, the linear map is defined by: 

f i— 7- ir(g)v. 

Lemma 6.13. Let ir be a smooth representation of G. Then 

H (X,TC^ = ix 

as G -representations. 

Proof. Define an evaluation map ev from C c (Xo, JC n ) to 7r: 

ev : C C (X , K n ) -)> 7r 

w i — ^ u;(er). 

As the restriction maps are idjy, we see from Lemma 6.7 that the image of the boundary 
map d is contained in ker(ef). Hence ev induces a G-equivariant map: 

ev : H (X, IC n ) -> 7r. 

We need to show that this map is an isomorphism of vector spaces. Since (AT 7r ) t7 = W, we 
have 

ev\c c (a,K^) = ev a , 

i.e., et> CT = ev o j a . As the restriction maps are all idy^, Proposition 6.11 implies j a is an 
isomorphism, which gives ev = ev a o j^ 1 : Ho(X,K, n ) ^> {lC n ) a , as desired. □ 

Proposition 6.14. Let V = {V a ) a be a G-equivariant coefficient system with restriction maps 
r T a , and let (tt,W) be a smooth representation ofG. Then 

Hom co ^ G (V, /w) Hom G (// (X, V), vr) 
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Proof. By Lemma 6.13, Ho(X,K, 7r ) = n. Any morphism between G-equivariant coefficient 
systems induces a homomorphism between the corresponding 0-homology which is compatible 
with the action of G; that is, there is a map 



and it suffices to construct an inverse to this map. 

Let G B.om G (H (X, V), 7r). Given a vertex a, and a vector v in V a , let be the 0-chain 
such that 



The independence of the choice of the vertex a in the definition of <p T results from Lemma 



The linear maps (4> a )a consitute a morphism from V to )C n , respecting the G-action on 
both. One can check that (4> a ) a induces <fi on the 0-homology. 

□ 

6.5. The Functors C and T>. To prove the equivalence of COETq and T>XAQ, we first 
observe that there is an obvious functor in one direction: 

Definition 6.15. Let T> be the functor from COETq to T>XAQ given by: 



We will construct in the next several subsections a functor C : T>XAQ —> COEJ^g-, such 
that D and C induce an equivalence of categories. We continue to follow [26] closely. 

6.5.1. Underlying vector spaces. Let D = (D , D' , Di, r, r') be a fixed diagram in T>XAQ. We 
consider the following compactly induced representations: 



For a vertex a G X , there exists g G G such that a = g.a or a = g.o~' , depending on 
whether a G X? or a G XZ. We define 



Komco£T G (V, IC n ) -)• Hom G (# (A, V), tt) 




6.7. 




c-ind^(po), c-ind K ,(po), c-ind r (pi). 




{/ G c-ind^(po) : supp(/) C A^T 1 } if a G A, 
{/ G c-ind^(p' ) : supp(/) C K'g' 1 } if cr G A, 
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For an edge r G X x , there exists g G G such that r = g.T\. We define 

F T = {/ G c-ind? ( Pl ) : supp(/) C J^ 1 }. 
We note that these definitions are independent of the choice of g. 

6.5.2. Restriction maps. To define restriction maps of the coefficient system, we begin with 
the two given maps r and r', and extend by translations. The evaluation map ev ao : F ao — > D$ 
is naturally an isomorphism of /^-representations. Explicitly, it is defined by 

ev ao : F ao ->■ D 

/ ■"►/(!), 

with inverse et^ 1 given by 

^ /«, 

where f v : G ^ D has support in If, and = po(k)v for k E K (this is the function 

denoted jf„ in [3]). One defines ew^ and its inverse ev', 1 similarly. 

We also have isomorphisms ev Tl and ev of /-representations, given by 

ev T1 : F T1 — > Di 
/ ->/(!), 

and 

v ' ^ /«, 

where f v : G ^ Di has support in /, and = Pi(i)v for z G /. 

Let = ew^ 1 oroeu n ; this is an J-equivariant map from F Tl to F CTo . Explicitly, it is given 

by 

r ao\fv) ~ fr(v)i 

where v G D\. We define = etT) 1 o r' o ev n ; it enjoys the same properties as r^. 

To summarize, given a diagram D = (Do, D' , D\, r, r'), we may construct a diagram .D = 
(F ao , F a ' Q , F T1 , rJJ,, rp); the diagrams D and .D are isomorphic via ev = (ev ao , ev a > o , ev T1 ) . 

Now let r be an edge, containing a vertex a, and suppose a G Xq. Then there exists 
g £ G such that r = g.r%, and cr = g.o~o, where the choice of g is unique up to an element of 
/ = &((To) H &(ti). We define the restriction map r T a from F T to F CT by 

rj: F T -> F CT 

Note that this is independent of the choice of g. In particular, we have rj(/) = g.f r (v), where 
■y = f(g~ x ). When a G Xq, we define r£(/) = g-r^i(g~ 1 .f); it enjoys the same properties as 
when a G Xq. Finally, given any simplex r, we define r T T = idp T . 

6.5.3. G-action. Let r be a simplex of X, and let / G F T . Since the space F r is a subspace 
of either c-ind^(po), c-ind^/(// ), or c-indf(pi), the element is well-defined, and induces 
linear maps 

Qt • Ff y Fg.r 
f^g-f- 
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We have l r = id^ r and g^ T o h T = (gh) T for every g,h G G. It only remains to check the 
linear maps above are compatible with the restriction maps in 6.5.2. In other words, for an 
edge r containing a vertex a, we must verify the following diagram is commutative for all 
geG: 

F F 

' a 1 g<? 



Assume a G Xq, and let g' be such that r = g'.T±, a = g'.ao- The previous subsection 
implies g T °r T a {f) = gg'.f r (v), where v = fig'" 1 ). On the other hand, rfjo g T (f) = rfKg.f) = 
gg'-f r (v'), where v' = g.fdgg')" 1 ) = v. The same argument applies mutatis mutandis to the 
case a G Xq. 

Combining all of these results, we see that to each diagram D G T>XAQ we may associate 
a G-equivariant coefficient system F = (F a ) a G COS J- 'g- 



6.5.4. Morphisms. Let D = (D , D' , D\, rn, r' D ) and E = (E , E' Q , E\, r^, r' E ) be two dia- 
grams, and ip = (ipo, "00) ^i) b e a morphism between them. Let F = (F a ) a and F' = (F^.) a be 
the coefficient systems associated to D and E, respectively. 

Let a G Xq, and let g G G be such that a = g.<r . For / G F a , we let v = fig -1 ), and 
define 

f g-Uo(v), 

where f^ ( v ) is the unique function in F' ao such that /^ («)(1) = ^o( v )- We define Vo-(/) = 

0-/^(«O if a G X o and °" = fi'- cr d- 

Let r be an edge, and let g G G be such that r = (7.74. For / G -F T , we let t> = fig -1 ), and 
define 

where / m (,/) is the unique function in F^ such that = r)i(v). Note that the definitions 

of ipa and -0 T are both independent of the choice of g. 

This process gives a collection of linear maps (i/) T ) T ; we need to verify they are compatible 
with the restriction maps and the G-action. That is, we must check that the following two 
diagrams commute: 

*-+■ F> F T - V ' 



FL 



(r')l 



i>h.- 



F' 



F > F' Fk 

± a 1 a ± h.- 

In the first square, r is an edge containing a vertex a, and in the second, r is any simplex, 
h G G. We begin with the first square. Suppose a G Xq with a = g.ao and r = g.T\ 
for some geG, and let / G F T . We have ip a o r T a (f) = ip a (g-fr D (v)), with v = fig" 1 ). 
As g.fm^ig' 1 ) = r D (v), we get ip a o r T a {f) = g.f^ a0rD {v)- On the other hand, we have 
{r'Ya °4>tU) = ( r ')a{g-fvi(v))- As g.f^ig' 1 ) = rj^v), we see (r') T a (g.f vliv) ) = g.f rE{rjl{v)) . 
Since ip is a morphism of diagrams, we have ipo t d{v) = te T)i(v), and the result follows. 
The argument is identical for the case a G Xq. 
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In the second diagram, we note that given / £ F T , we have h.f((hg) 1 ) = f(g x ) = v. The 
commutativity then follows directly from the definitions. 

We may now make the following definition: 

Definition 6.16. Let C be the map: 

C: VXAQ -»■ COET G 

D = (D ,D' ,D l ,r,r') h+ T — (F T ) T , 

where (F T ) T is the coefficient system defined above. 

The results of the previous subsections imply that C is a bona fide functor between the two 
categories. 

7. SUPERSINGULAR REPRESENTATIONS 

7.1. Initial Diagrams. We begin with some general remarks. Given any irreducible mod- 
p representation p of T, we may view it as a representation of K via the projection K -» 
K/K\ = T. Conversely, any smooth irreducible representation of K must be of this form; 
this follows from Lemma 3(1) of [3] and the fact that K\ is a normal pro-p subgroup of K. 
In light of this, we shall abuse notation and identify smooth irreducible representations of K 
and those of V. The same statements hold for the groups K' and T', and I and H. 

Using the functor C, we may now construct coefficient systems by defining the appropriate 
diagrams. In particular, to each supersingular Hecke module in Definition 4.3, we associate a 
diagram as follows. 

Definition 7.1. Let x = C ® V '■ H — >W* be a character. 

(i) Assume x — V ° det. We associate to M x ^ s $) and M X ^ S ') the diagrams 

D x ,{s$) = (p Xl s, P x p X, j, f); 
D x ,(<D,s>) = {Px,9, P x>s >, X, j, f), 
where j and j' are the inclusion maps. 

(ii) Assume x s — X-, Du t X V ° det. We associate to M x ^s r ) and M Xt ($$) the diagrams 

D x ,(Q,s>) = (f>x#, P x ,5" X, j, /); 
D x ,(®fi) = (p x ,0' P' x & ^' ?)> 
where j and j' are the inclusion maps. 

(iii) Assume x s X- We associate to M x ^m the diagram 

where j and j' are the inclusion maps. 
If D x j = (p, p', x, j, j') is a diagram as defined above, we let the underlying space of the 
/-representation x be spanned by a fixed vector v, and identify v with its image in p 1 ^ = p u 
and (p') /(1) = (pT' vi a j and f. 

For a diagram D x j, we define = C(D Xi j) to be the associated G-equivariant coefficient 
system. 

Remark. We note that if M XjJ is a supersingular module and _D x j = (p, p' \Xi3ij') ls the 
associated diagram, we have p v = M x J |^ r as Hp-modules and (p') U — M x> j\n , as 
modules. 
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Proposition 7.2. Let M X;J be a supersingular Hf (G, 1 '(1)) -module, and let n be a nonzero 

irreducible quotient of Hq(X, T> Xt j). Then n 1 ^ contains M Xj j, and n is supersingular as a 
G -representation. 

Proof. In the notation of Subsection 6.5.2, we let co ao j v , be the 0-chain supported on er , 
such that Ua ,fv( cr o) — fv, and let oo ao j v denote its image in H (X,V Xt j). Recall that /„ £ 
c-ind^-(po) denotes the unique function such that supp(/) = K and f v (l) = v, where v is 
a fixed vector spanning the underlying space of x- By definition of the G-action, u ao j v is 
/(l)-invariant and the group / acts by the character \- To proceed, we must show two things: 

(i) The element cJ ao ,fv generates H (X,T> Xt j) as a G-representation. 

(ii) The right action of %(G,I(1)) on (^a j v )f p yields an isomorphism onto M X; j. 

Assuming these two results, we let n be a nonzero irreducible quotient of H (X, T> Xt j). Since 
oJaojv generates H (X, £> x ,j), the image of ui ao j v in i\ will be nonzero. The second result above 
then shows that ir 1 ^ contains the H(G, J(l))-module M Xi j and the Proposition follows from 
Corollary 4.5. 

It remains to prove the two claims. For the first, we note that if u) a > o j v denotes the 0- 
chain supported on cr' Q such that u a i Q j v {a' Q ) = f v , then Lemma 6.7 implies cj ao ,f v — ^a' ,f v i n 
H (X,T> x j). The Carter-Lusztig theory tells us that any irreducible representation of K or 
K' is generated by its /(l)-invariants, and therefore oJ ao j v (resp. & a > o j v ) generates the image 
in H (X,U x j) of the space C c (a ,U x j) (resp. C c (a' ,V Xt j)). This fact, combined with the 
observation that G acts transitively on the sets Xq and Xfi, verifies the claim. 

For the second claim, note that by Definition 5.6 and our choice of irreducible K- and 
^'-representations, we have 

( v h p = (Px,jY {1) - M x,J as ^r-modules, 
(v)w p = (Px,J') /(1) - M 'x,J' as ^r'-modules, 

where J = (J, J'). We conclude from Proposition 3.9 that (oo ao ,f v )w is equivalent to M x j as 
a right H(G, J(l))-module. □ 

7.2. Injective Envelopes. In this section we briefly recall some definitions and notation 
regarding socles and injective envelopes, which will be of use in subsequent sections. For 
more details, we refer to [29] and [26]. 

Let /C be any finite or profinite group, and denote by lZSVf p ()C) the category of smooth F p - 
representations of /C. Denote by Irr^ be the subcategory of smooth irreducible representations 
of K. 

Definition 7.3. Let ix £ 7Z£Vf p (IC) and let p be a subrepresentation of ir. We say it is an 
essential extension of p if for every nonzero subrepresentation ir' of it, we have ir 1 PI p ^ {0}. 

Let p £ 7Z£Vf p (JC) and let J be an injective object of TZSVf (JC). We say J is an injective 
envelope of p if there exists an injection p43 such that 3 is an essential extension of the 
image of p. We write 3 = inj^p). 

It is known that injective envelopes exist, and are unique up to isomorphism: for finite 
groups, see Chapter 14 of [29], and for profinite groups, see Section 3.1 of [31]. 

Definition 7.4. Let p £ TZ£Vf p (K.). The socle of p, denoted soc/c(p), is the maximal semisim- 
ple subrepresentation of p. 

We now use these constructions for the groups K, K' and /. 
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Lemma 7.5. (%) Let p be an irreducible representation of K and let p > inj^(p) be an 
infective envelope of p . Then 

(7) mk(p)|i = 0inj 7 (x)^-, 

where m P)X = dim Fp (Hom jf/ (x ; in jr(p) U ))- 
(ii) Let p' be an irreducible representation of K' and let p' ^ mi K ,(p') be an injective 
envelope of p' . Then 

(8) mj^^OI^S^/W^, 

where m p > jX = dim Fp (Hom if (x, inj r ,(p') u ')). 

In particular, the integers m P)X and m p ^ x are finite for every character \ of H. 

Proof. The proof is identical to the proof of Lemma 6.19 of [26]. □ 

Remark. Under the assumption q = p,we will determine (8) explicitly, using a simple counting 
argument. 

Corollary 7.6. Let K e {K, K'}, and let p £ TZ£Vf p (K.) be a representation such that 
socyc(p) is of finite length as a IC-representation. Then the space of 1(1) -invariants o/inj^p) 
is finite- dimensional and p is admissible. 

Proof. From Lemma 7.5, we have 

where the integers m x are finite. Hence, we see that 

p^ ^ m] K { P yv 

in j/(x) 

vxei? 

(inj,(x) /(1) ) 




for the last isomorphism, we use the fact that inj / (x) / ^ 1 ^ = inj 2 (%) = \ as representations 
of H . Admissibility now follows from [26], Lemma 6.18. □ 

7.3. Pure Diagrams. In light of Proposition 7.2, it suffices to construct irreducible quotients 
of H (X,V XtJ ) to produce supersingular representations. With this in mind, we adapt the 
arguments of [26] into a more formal context: 

Definition 7.7. Let M XjJ be a supersingular module, and let D = (D , D' Q , Di, r D , r' D ) be a 
diagram. We say D is essentially pure for M x j if it satisfies the following conditions: 
(i) There exists an embedding of diagrams: 
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V : D x j D. 

(ii) The maps td and r' D induce isomorphisms Dq\i = D' \j = D\. 

Moreover, we say D is pure for M x j, if it also satisfies the following extra condition: 

(iii) Either soc^(_D ) or socx'(-Do) is irreducible. 

With these definitions, we are able to prove a formal result, whose proof is due to Paskunas. 

Theorem 7.8. Let M x j be a supersingular module, and suppose that D is a pure diagram 
for M Xi j. Then the image of the induced G-morphism between the ^-homology 

n D = im(V* : H {X,V X>J ) H (X,C(D))) 
is an irreducible admissible supersingular representation. Moreover, we have 

n D ^ SO c G (H (X,C(D))). 

Proof. To verify the result, it suffices to show up is irreducible, admissible and nonzero, 
by Proposition 7.2. Let us assume that sock(Do) is irreducible; the case with sock>{D' ) 
irreducible is the same. 

We first claim that the space sock(H (X, C(D))\ k ) 1 ^ generates itd- Let il)*{oj ao j v ) denote 
the image of the homology class u)a j v - Claim (i) in the proof of Proposition 7.2 shows that 

Ti D = (G.^^wJ)^; 

since i[) is an embedding, we have ip*(uj ao j v ) ^ and hence ttd ^ {0}. From the definition of 
pure diagrams and Proposition 6.11, we know that H (X, C(D))\ K = D . The purity condition 
on D also implies that the i^-representation of the diagram D XjJ is exactly socr-(_D ), so that 
*P*{u<To,fv) G soc K (H {X,C(D))\ K ). This shows 

(M^o,fJh p = soc K (H (X,C(D))\ K )^\ 

which combined with the previous observation verifies the claim. Moreover, this shows how 
to define an action of Hf p (G, 1(1)) on sock(H (X, C(D))\ k ) 1 ^ such that 

soc K (H (X,C(D))\ K yV = M x , 3 

as right T-Lf p (G, J(l))-modules. 

Now let 7r' a be nonzero G-invariant subspace of 7Td- Since K\ is a pro-p group we have 
[k') Ki 7^ {0} and consequently socx(vr / |^) ^ {0}. We also note that 

so CK (H (XX(D))\ K yW n (tt'Y^ {0}, 

as sock(tt'\k) is contained in sock{Hq(X,C(D))\k). However, we have just shown that the 
space soc k(Ho(X,C(D))\kY^ is simple as a right H(G, J(l))-module, which implies 

soc K (H (X,C(D))\ K yW C (tt') 1 ^. 

Note that we can deduce this simply from the fact that 

dim fp (soc K (H (X,C(D))\ K y^) = 1. 

Collecting these results, we conclude that it' = txo- This argument also shows that the socle 
of Hq(X,C(D)) is exactly txd- 

To show admissibility, we observe that 

hd\k C H (X,C(D))\ k — D , 
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which implies that soc k{ttd\k) is of finite length. The claim then follows from Corollary 7.6. 

□ 

The definitions of pure and essentially pure diagrams do not make it clear that such di- 
agrams exist in general. We take up this question when q = p in the next section, and in 
general propose the following: 

Conjecture 7.9. Given a supersingular module M Xt j, an essentially pure diagram D for M Xj j 
exists, and the image of H (X, £> x ,j) in H (X, C(D)) is a sum of supersingular representations. 

7.4. Construction of Pure Diagrams when q = p. We now give an application of the 
formalism developed in the previous section, using results of Section 5. 

Theorem 7.10. Suppose q = p. Then for every supersingular module M Xj j, there exists a 
pure diagram for M x> j . 

More precisely, the corresponding initial diagram 

D x j = (p, p', X, 3i f) 
can be embedded into a pure diagram 

E XtJ = (inj K (P), inj^(P'), inj 7 (X), j p , j' p ) 

where P = p, P' is a semisimple representation of K' having p' as a summand, and X is a 
semisimple representation of I having x as a summand. Furthermore, the maps j p and f 
induce isomorphisms inj x (P)|/ = inj^X) = inj^P')!/. 

Our main tool in proving this Theorem will be Lemma 7.5, which states that if p and p' 
are smooth irreducible representations of K and K', respectively, then we have 

^k(p)\i = 0mj 7 (x) em ^, mj^(p')l/ = inj T (x) e ^'-. 

In general, it is not clear how the multiplicities in the above equations compare with each 
other. We record one result in this direction, which holds for general q: 

Lemma 7.11. We have m P)X = m P)X s, and m p > a = m p ^ x s. 

Proof. The definition of the numbers m PtX and Frobenius Reciprocity give 

m P,x = dim F p ( H o m tf(x,inj r (p) U )) 
= dim F p ( Hom B(x,inj r (p)|B)) 

= dim fp (Hom r (indB(x),injr(p)))- 

We note that given an arbitrary finite-dimensional mod-p representation V of T, the number 
dimp ?) (Homr(V, inj r (p))) is precisely the multiplicity with which p occurs as a composition 
factor of V. 

Given a Q p -representation W of T, there exists a T-stable Z p -lattice in W. Reducing 
this lattice modulo the maximal ideal gives a mod-p representation of T, and Theorem 32 
in [29] asserts that the semisimplification of this quotient is independent of the choice of Z p - 
lattice. In our case, it is straightforward to verify that (the semisimplification of) every mod-p 
principal series representation comes from a characteristic principal series representation in 
this fashion. 
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The character tables of irreducible complex representations of T (and T') have been deter- 
mined by Ennola in [15]. Considering the character tables with values in Q p , we obtain the 
Brauer characters of the principal series representations indg(x)- In particular, the Brauer 
characters of the representations ind^x) and ind^(x s ) are identical. Since Brauer characters 
determine mod-p representations up to semisimplification, we conclude that m p ^ x = m P)X s. 
The same proof holds for the numbers m p i x . □ 

Remark. We note that this result holds in a more general context. In particular, if Q is a 
finite group with a "split BN pair (B,Af) of characteristic p" \ is a character of the maximal 
torus of Q, and w is an element of the Weyl group of (B,Af), then the induced representations 
ind|(x) and mdg(x w ) have the same composition factors. The proof may be found in the 
Remarks of Section 7.2 and Section 9.7 of [19]. 

Proposition 7.12. Assume q = p. We then have 

in iK'(p' x ,j')\i - inj/O) if X s = X and J' C J' (x), 

' m i K/ (p Xt9 )\i = injj(x) © inj 7 (x s ) if X s ^ X- 

Proof. Recall from Corollary 4.3 of [26] that we have a decomposition 

= inj r ,(r) ffi dir % M , 

r6lrr r / 

where Irrr' denotes the set of equivalence classes of irreducible mod-p representations of T'. 

Using Proposition 5.19, we translate the above decomposition into a sum over characters 
of if: 

%F] = © {P' X $T P 

x=x" 

© inj r (p^) edim ^ (P - fl) ©injr^i)®^^, 

x+x a 

where we use the fact that p' x with x = x s is a twist of the Steinberg representation, and 
therefore is injective of dimension p. A similar argument as in the proof of Lemma 4.7 of [26] 
implies that 

dim Fp (inj r ,(p^ )) > 2p 
for any character x satisfying x 7^ X s - Additionally, by Lemma 5.9, we have 

dim F p <y x ,0) + dim F p (Px»,0) = P+ !■ 
These two facts allow us to evaluate the dimensions of both sides in the decomposition above: 

p(p+l) 2 (p 2 -l)> ^(dim fp (inj r ,(p / Xi5 ,))+p 2 )+ MP + 1) 

x=x a x^x 3 

The number of x satisfying x = X s is (p+ l) 2 ? while the number of unordered pairs {x, X s } 
such that x X s is \(p + 1) 2 G° ~~ 2). The above inequality now reduces to 

(p+l) 2 p > dim F p ( m jr'(Px,s'))- 

x=x a 
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Since the order of U' is p, Corollary 4.6 of [26] implies that dim^ (inj r /(p x5 /)) > p. We 
therefore have 

Yl dim T P ( in ir'{p' x ,s')) > (P+ 1)V 

x=x a 

which forces every inequality above to be an equality. To sum up, we have 

dim fp (inj r ,(p' Xi0 ) u ') = dim Fp (inj r ,(p x5 ,) U ') = 1 if X s = X, 

dim Fp (inj r ,(p x0 ) u ')=2 if X s + x- 

To proceed, note that the dimensions computed above tell us precisely the number of terms 
appearing on the right-hand side of equation (8). Taking U'- invariants of the exact sequence 

P'x,J' ~* in in(p' x ,j>) y ields 

-> x -> inj r '(Px,J') U '; 

combining this with Lemma 7.11 gives the result. □ 

Remark. We note that an alternate proof of this result may be obtained by explicitly com- 
puting the composition factors of the representations indjj/(x) using Lemma 5.9. 

Proof of Theorem 7.10. Using Lemma 7.11, we now rewrite equation (7) as 
(9) miM\j = inj 7 (pf m - © ©(inj,(/*) © inj ,(//)) 

the sums being taken over PU-orbits of characters. 
We let X be the representation of I defined by 

X = p ffim ^ © (/i © //) em ^, 
and let P' be a representation of K' of the form 

Here we choose p^ e {p'^ s ,, p^ } if p = p s and p^ G {p^ , p^ } if p ^ p s ; the only 
stipulation we make is that p' be among the summands. By definition and Proposition 7.12, 
we have inj^P)], = inj K ,(P')|/ = mj 7 (X). 

We now have natural injective maps from p to inj^-(P), from p' to inj K ,(P') and from x 
to injj(X): they are defined by first mapping each representation into its respective injective 
envelope, followed by the canonical inclusion into the direct sum. Moreover, one can choose 
the maps j p and j' such that these injective maps induce a morphism of diagrams 

It is evident that the diagram E x j is pure for M Xi j. □ 

Corollary 7.13. Assume q = p, let M Xi j be a supersingular module, and let E x j be a pure 
diagram for M Xt j, constructed as in the proof of the previous theorem. Set £ Xi j = C(E Xt j). 
Then the image 

tt Ex:J = im(^ : H (X,V X>3 ) -> H (X,8 XjJ )) 
is an irreducible admissible supersingular representation. Moreover, for distinct modules 
M x j,M x >j>, the representations Ti e x j, ^e x , j, are nonisomorphic. 
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Proof. The first part of the Corollary follows from Theorems 7.8 and 7.10. To prove the 
second part, let us assume : tte xJ ~> , 3 i is an isomorphism; we then obtain an induced 
isomorphism 

4> : soc x (vr £ ; XiJ | A ') /(1) H> soc k (tt Ex , 3 , \ K ) I{1) - 

The proof of Theorem 7.8 shows how to equip these spaces with an action of Hf (G, 1(1)), 
which gives 

M XiJ = soc k (tt Ex J k ) iw 4 soc^(7r Ex; j; |x) 7(1) = M^. 
The claim now follows from the comments following Definition 4.3. □ 

Remark. Assume q — p. Given a supersingular module M x J , our construction shows that 
there may be many choices of pure diagram E Xt j associated to M x j. As a consequence, if 
E Xt j and E* j are two such diagrams, we obtain two supersingular representations 7Te j and 
7i e* 3 whose /(l)-invariants contain M XjJ . It is not clear, however, if these representations are 
isomorphic. 



8. Some Remarks 

8.1. The Case q ^ p. In this section we point out the shortcomings of our method in the 
case when q ^ p. We assume that q = p 2 for the sake of simplicity. 

Let 1 denote the trivial character of H (or, equivalently, of /), and consider the diagram 
-^i,(0,s") = (Pi,0j p'is'i 1' 3i f)- Here pi t $ is the Steinberg representation of K, and p' is , is 
the trivial character of K' . We claim that there does not exist a pure diagram D for Mimas') 
of the form (inj^(P), mj K ,(P'), injj(X), j p , j'), where P is a semisimple representation of 
K, P' is a semisimple representation of K' , and X is a semisimple representation of /. 

We require some preparatory facts. Let p and p* be two F p -characters of H defined by 

'a 

A* I S | = a (P a +DCp-i) j § \ = a^ +l ^ +l \ 



,0 a 



A computation with Brauer characters verifies that 




ind^r = V ' )0 8 W ° © Vy 2p+lip H u° © ^2p-2,i-p ^ w ° © V} 



2 -2p-3,p+2 



Co' 



Pl,S' © P/i,0 ® ^M s ,0 ® 



where the superscript "ss" denotes semisimplification. Alternatively, we may obtain this 
decomposition from a slightly modified version of Proposition 1.1 in [12], along with the 
character tables computed in [15]. Using the fact that SU(1, l)(F p 4/F p 2) is conjugate to 
SL 2 (F p 2), and modifying the arguments in Section 4.2 of [26] shows that dimjp p (inj r /(p / 1 s ,)) = 
3p 2 . Combining these two facts with Lemma 7.11 shows that 



' m j K >(p'i,s>)\i ~ inj/W © mjAp) © mj^p* 



Assume now that we have an embedding of diagrams -Di,(0,s") —> D, with D pure: 
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Pl,0 * injj<-(P) 



.) 





in j^(X) 




P'i,s> * in j^'( p/ ) 

Assume first that the K- representation of D has simple i^-socle, so that P = p\$. Since 
pifi is injective as a representation of T, we have m} K (pi$)\i = inj J (l). We have an injection 

Pi,s> ^ inj^(P') 

and the latter representation is injective, so Lemma 6.13 of [26] implies there exists an injection 

mK'(p'i,s') ^ in j^'( p/ )- 
Restricting to I and using the defintion of purity gives 

inj 7 (l) © inj 7 (/i) © inj^//) = mj^(// i s ,)|/ ^ mj K/ (P% = mj/(l), 
which is absurd. 

We may therefore assume that the i^'-representation of D has simple i^'-socle, so that 
P' ^ p' l s , and 

inj K ,(P')|j = inj 7 (l) ffiinj 7 (/i) ©inj^/i 5 ) = inj^(P)| 7 , 

by the definition of purity. This implies that we must have 

inj x (P/p 1)0 )| 7 ^ inj 7 (/i) © m]j{p s )- 

the only representations for which this could potentially be true are p Mi and p^^. The 
dimensions of the injective envelopes of SU(2, l)(F p 4/F p 2) have been computed explicitly by 
Dordowsky in his Diplomarbeit ([13]). In particular, his results show that dimp p (inj r (p At 0)) = 
dim^(inj r (p M s 0)) = 12/j 6 , which implies that the number of summands in the decompositions 
of m.] K {p^)\i and inj x (p AlS 0)| 7 is 12. This verifies our claim. 

8.2. Comparison with SL 2 (-F). In the course of defining diagrams and coefficient systems 
for U(2, 1)(E/F), there are several parallels one can draw between the formalism we have 
used and the analogous formalism for the group SL^-F). We hope to make this connection 
precise here, drawing on results of Abdellatif in [1]. In this section only, the prime p may be 
arbitrary. 

We let G s = SL 2 (F), K s = SL 2 (o F ), and K' s = a s K s as\ where 



a s 



1 

wp 



the groups Ks and K' s are representatives of the two conjugacy classes of maximal compact 
subgroups of Gs- We note that our notation differs slightly from that of [1]. Let Is = KsP\K' s 
be the Iwahori subgroup, and is(l) < Is its unique pro-p-Sylow subgroup. Let 



UK 



-i\ / -w F x 

1 „ and w s i = * 
10/ \w F 
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and for r G Z, let uf denote the F p -character of the finite torus H$ defined by 

r fa \ r 
U [o a-i) =a ' 

where oGF x . 

As in Section 3, we denote by T-L^ {Gs, -Ts(l)) — End ( 3 s (c-ind J 5 1 ^(l)) the pro-p-Iwahori- 
Hecke algebra, and let T Ws (resp. T w ,) be the endomorphism corresponding by adjunction 
to the characteristic function of Is(l)w s Is(l) (resp. Is{l)w s ils{l))- F° r < r < q — 1, we 
define 

e u r = \Hs\~ 1 u r (h)Th, 

h&H s 

where denotes the endomorphism corresponding by adjunction to the characteristic func- 
tion of IsiX)hIsiX)- A proof similar to that of Proposition 3.9 shows that Hf (Gs, is 
generated by T„, s , T w , and e^r for < r < q — 1 . 

The supersingular Hecke modules (as defined in [34]) have been classified in [1], Chapitre 
6. They naturally divide into three classes, depending on the nature of the character uf (or 
equivalently, the parameter r). 

Proposition 8.1. The supersingular Hf {Gs, 1 s(l)) '-modules are all one- dimensional. They 
are given by: 



M 


ei 


M> 


1, 


T 


M> 


0, 


T 




-1 




ei 


i — > 


1, 


T 

IDs 


1 — > 


"I, 


T 







M (9-l)/2 


■' e UJ ( q -i)/2 


M> 


1. 


T 

IDs 


!->■ 


0, 


T 


!->■ 





M r 




M> 


1, 


T 


!->■ 


0, 


T 








where < r < q — l,r^ ^g-, and 1 denotes the trivial character of Hs- The module M( g _i)/2 
zs nonexistent if q is even, while the modules M r are nonexistent if q = 2 or g = 3. 

As is the case for U(2, \){E/F), the Bruhat-Tits building A" 5 of is a tree. We let cr 
denote the hyperspecial vertex for which R{cro) = K$- The action of Gs partitions the vertices 
into two orbits, those at an even distance from o"o and those at an odd distance from cq. Since 
the action of Gs on the set of (nonoriented) edges is transitive, the notion of a diagram is 
the same as in Definition 6.4. Moreover, the results of Section 6 do not rely on any other 
properties of the group U(2, 1){E/F); replacing G by Gs, K by Ks, etc., shows that every 
conclusion holds equally well for Gs- In particular, the categories CO£Fg s and V>TAQ are 
equivalent. With this analogy in mind, we define the following diagrams. 

Definition 8.2. Let Ptu r ,j s and p'^ r Jt denote the representations of Ks and K' s obtained by 
inflation from SL 2 (F g ). We set 

Ad = (pi, s , p' 10 , 1, j, /); 
D q -i = (pi,0, f/ ltS ,, 1, j, j'); 

D r = (P^,0, Pury, W r , j, j'), 

where < r < q — 1, r ^ 2z_ ) anc [ where j and j' are the inclusion maps. 

Using the same arguments as in Section 7, one can show that given a diagram D r of the form 
above, the /5(l)-invariants of every nonzero irreducible quotient of H {Xs, C(D r )) contain M r , 
and therefore such a quotient must be supersingular. Moreover, if we specialize to the case 
q = p, there exists a canonical pure diagram E r corresponding to an initial diagram D r : 
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Proposition 8.3. Assume q = p. Let M r be a super singular (Gs, 1 s (I)) -module, and let 

D r = (p, p', u r , j, f) 
be the associated diagram as in Definition 8.2. Then the diagram 

E r = 0.k s (p), inj^(p') ; in Wp)|/ s , j P , f P ) 
is pure for M r , where j p and f are isomorphisms. 

Theorem 8.4. Assume q = p. Let M r be a supersingular Tig (Gs, Is '(1)) -module, let D r and 
E r be the diagrams constructed above, and let ip : D r — > E r denote the canonical embedding. 
Then the representation afforded by 

im(^ : H (X s ,C(D r )) -»• H Q (X s ,C(E r ))) 

is irreducible, admissible and supersingular. For distinct supersingular modules M r ,M r r, the 
resulting representations are nonisomorphic. 

Proof. The proofs of Propositions 7.2 and 7.8 hold equally well in the context of the group 
Gs, which implies the first claim. The proof of the second claim follows in a manner similar 
to the proof of Corollary 7.13. □ 

In this way, we have constructed p irreducible supersingular representations, corresponding 
to the supersingular (Gs, Is(l))-modules. In particular, for F = Q p , we recover the 
following classification of supersingular representations: 

Theorem 8.5. Let M r be a supersingular Hecke module for SL 2 (Q P ), and let D r and E r be 
the diagrams constructed above. We then have 

im(^ : H (X s ,C(D r )) -> H (X s ,C(E r ))) = n r , 

where n r is the supersingular representation o/SL 2 (Q p ) defined in [1], Chapitre 3. 

Proof. By Theoreme 3.6.13 of [1], there are precisely p isomorphism classes of irreducible 
supersingular representations of SL 2 (Q p ), given by the representations 7r r ,0 < r < p — 1. 
Likewise, the representations 

im(^ : H (X s ,C(D r )) H Q (X s ,C(E r ))), 

for < r < p — 1 constitute p pairwise nonisomorphic irreducible supersingular represen- 
tations. It therefore suffices to match these. Since the 7s(l)-invariants of the image of the 
induced map on homology contain a Hecke module isomorphic to M r , and since 7i> s ^ = M r 
as right Hf (Gs, is(l))-modules, we conclude 

im(V* : H Q (X s ,C(D r )) H (X s ,C(E r ))) = vr r . 

□ 

Remark. When q ^ p, the above construction fails in a manner similar to the construction for 
U(2, 1)(E / F), meaning that pure diagrams of the form (inj Xs (P), inj^^P'), inj Js (X), j p , f p ) 
do not always exist. One may translate the example of the previous section to the case of 
SL 2 (-F) to produce such an example explicitly. 
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9. Appendix 

9.1. Proof of Theorem 4.1. Here we carry out the computations for Theorem 4.1. Recall 
that e = C <E> rj is a character of the torus T, and the space of /(l)-invariants 'md'^(e) 1 ^ is 
two-dimensional, spanned by the functions fi and /2 (cf. Section 4). The computations are 
split up according to the nature of e*. 

Using Proposition 6 in [3], we can compute the action of T ns and T n , on v G indf (e) 1 ^- 
Equation (4) implies 

v-T ns = Y u{-x,y)n~ l .v. 

1 

xx+y+y— 

Substituting fi for v and evaluating at 1 and n s gives 

h-T ns (i) = Y fM-^vh: 1 ) 

xx+y+y=0 

= 

/i-T n ,(n 8 ) = Y fMsui-x^n' 1 ) 

x,y6F o 
1 

xx+y+y=0 

xx+y+y=0 
= 1, 

where the last equality follows from equation (1). Similarly, 
/2-TJ1) = Y f2H-x,y)n: 1 ) 

xx+y+y— Q 

= 

/2-T ns (n s ) = Y f2(n s u(-x,y)nj 1 ) 

xx+y+y— Q 

= Y (-xy/e, -ye)) 

x,y£F n 

_ Sr 

xx+y+y— 

Y f2{n s dmg(-yVt,-yy~ 1 ,y~ 1 V£~ 1 )) 

xx+y+y—O 

Y e(diag(y _1 Ve _ , -We)) 

x,yev q2 ,y^o 

xx+y+y—O 

{-1 if e* = rj o det 
if {e*) s =e*,s* ^rjo det 
if(£*) s ^e*. 

The last equality is obtained in precisely the same manner as in the proof of Proposition 3.17 
(cf. the computation of <p na * <fi ns (n s )). 
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Equation (5) implies 

y+y—O 

for v e indf Thus 

A-T ns ,(l) = Yl fi{u~{^wy)an- s l ) 

y^ q 2 

y+y—O 

= /i(w(0,-cc7 _ V _1 )diag(-2/ _1 \/e, 1, -yy/e )u~{Q,wey~ x )) 

yev q2 ,y^o 
y+y=0 

= Y £ ( dia g(-y~ 1 VtA,-yVt~ 1 )) 

yev q2 .y^o 
y+y=0 

{-1 if e* = rj o det 
-1 if {e*) s = e\e* ^ ^odet 
if (e*) s ^ e* 

= ^ /!(u(0, -we-^a- 1 ) 

y+y—O 

= 0. 

The equality (*) follows from the fact that ( is trivial on F* if and only if ( q+1 is trivial on 
o^. Similarly, we have 

/ 2 -T ns ,(l) = f 2 (u-(0,wy)anj 1 ) 

y^_ q 2 

y+y=0 

= f(-l)e(a)+ Yl f2(u(0,w' 1 T 1 )di ag (-y~ 1 V~e,l,-yV~e~ 1 )u~(0,wey- 1 )) 

yev q2 , y ^o 
y+y=0 

= C(-iM«) 

ysv q2 

y+y=0 

= 0. 

9.2. Proof of Theorem 6.6. In order to prove that the categories COETq and T>XAQ are 
equivalent, we must verify that there is a natural transformation from T> o C (resp. C o T>) to 
idraug (resp. idco^). 

Given a diagram D = (D , D' Q , Di, rr>, r' D ), the definition of the functors T> and C gives 



.-,(> 
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VoC{D) = D={F n ,F o , ,F n ,r%,ry 



and we have already shown that ev = (ev ao ,ev a > o ,ev T1 ) is an isomorphism from D to D. To 
show it gives a natural transformation, we let E = (Eq, E' q , Ei, te, r' E ) be another diagram 
and ip = (-00) V'o; ^0 a niorphism from D to E. Let 

VoC(E) = E = (F> o ,F>,,F> i ,(rr^(r7^- 
We must check that the following diagram is commutative: 

~£>oC(i/>) ~ 




Writing this out explicitly, commutativity of this diagram is equivalent to commutativity 
of the following three diagrams: 

£>oC(i/>o), 



F' 

&0 



Dri 



</'<) 



CT o 



E 







0& 



^0 



1 Ti 1 n 



'/i 



We check the first of these assertions. Given / G F CT0 , we see ipooev ao (f) = ipo(f(l)). By the 
definitions of C(ip) and V, we know that VoC(ip)(f) = /^ (/(i))> therefore ev' a {T> oC{^f){f)) = 
ipo (/(l)). The other two follow similarly, and hence ev gives a natural transformation between 
DoC and \A-txlaq- 

For the other direction, let V = (V T ) T be a G-equivariant coefficient system, with restriction 
maps t T a . Let J 7 = {F T ) T be the coefficient system C o T>(V), with restriction maps r T a . Given 
an edge r containing a vertex a G Xq, let g G G be such that r = g.ri and a = g.ao. For this 
vertex a, we define a map eu CT by 



F a y V(j 



where w = fig' 1 ) G V^ . One defines ew CT similarly if a G Xq. For the edge r, define ei> r by 



ev-r 



F T ^V T 
f >->■ 



where w = fig" 1 ) G V n . Note that both definitions are independent of the choice of g, and 
that the maps ev a , ev T are isomorphisms of vector spaces. 

We must now show that the system (ev T ) T is compatible with the G-action. Let a G Xq 
be such that a = g.a for some g. For an element h G G and / G F CT , we have evh. a {h a (f)) = 
evh.a(h.f) = (hg) ao .v, where v = On the other hand, we have h a oev a (f) = h a (g ao v) = 

(hg) ao .v. The same argument applies for the case a G X£ or r G X\. 

To check that the system (ev T ) T is compatible with the restriction maps, we need to verify 
the commutativity of the following diagram (for r G X\ containing a G Xq): 
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± a ' a 

Let t G X\ contain a G Xq, and let g G G be such that r = g.Tx, a = g.cfQ. Given / G F T , 
we have t T a o ev T (f) = t T a (g Tl .v), where v = /(g _1 ). On the other hand, since T comes from 
the diagram V^, V n , t^), we have o r£(/) = ev a (g.f t n {v) ) = g au o^(t)). By 
definition of a G-equivariant coefficient system, we have o g T1 = g ao o , and therefore the 
diagram commutes. The argument for the case a G Xq is the same. 

To show that the system (ev T ) T defines a natural transformation from C o T> to idce>£jr G , 
it only remains to check the compatibility of (ev T ) T with morphisms in COETq- The proof 
is virtually identical to the proof of T> o C ~ '^vxAg-, so we omit it. Collecting these results 
shows that the two categories are equivalent. 
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